Math2033 Mathematical Analysis (Spring 2013-2014) Tutorial Note 10

Riemann Integral (Part Ill): Improper Integral

We need to know

e how to judge whether a function is improper integrable by using suitable tests;

Key definitions and results

Definition 1 (Locally Integrability). A function f(x) defined on an interval [/
(bounded or unbounded) is said to be locally integrable if it is integrable on any
closed subinterval of I.

Definition 2 (Improper Integrals). Let f(x) be locally integrable on its domain.
We define improper integrals in the following cases:

Case 1. If f(x) is not defined just at a / just at b / just at c € (a,b) / just at
both a and b of a bounded interval [a, b], then we define:

b
lim f(x)dx, if f is not defined at a,
e=0% Jate

b-e
li%l f(x)dx, if f is not defined at b,
=0t J,

b
/ f(x)dx = ¢ b
a / f(x)dx +/ f(x)dx, if f is not defined at ¢ € (a, b)

b—Ez
lim f(x)dx, if f is not defined at a, b.
61_’8: a+e|
-

Case 2. If f(x) is defined on an unbounded interval, then we define the corre-
sponding improper integrals in a natural way:

. b b b
/f(x)dxzblim/ f(x)dx, /f(x)dxzalilzlw/ f(x)dx
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and

00 b
/ f(x)dx = lim / f(x)dx.
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Remark. In other words, we do integration locally and take limit, that's all. The
spirit is: Riemann integral is only defined on a closed and bounded interval, we extend
this notion via taking limit.

Remark. For nonnegative locally integrable function f(x) on | we have f(x) is improper
integrable if and only if [, f(x)dx < co.

Definition 3 (Principal Value). Let f(x) be locally integrable on /.

(a) If I =[a,c)U(c,b], then the principal value of f: f(x)dx is defined by

b c—€ b
PV. / f@ydx = lim ( / F(x)dx + / f(x)dx>.

(b) If I =R, then the principal value of f_ozo f(x)dx is defined by
0 c
P.V./ f(x)dx = lim / f(x)dx.
—oo coo0 [
Theorem 4 (Comparison Test). Suppose f(x),g(x) are locally integrable on a
bounded or unbounded interval 7 and 0 < f(x) < g(x) on I, then
g(x) is improper integrable = f(x) is improper integrable.

Remark. Taking contrapositive, we have

f(x) is not improper integrable == g(x) is not improper integrable.

Theorem 5 (Limit Comparison Test). Suppose f(x),g(x) > 0 are locally inte-
grable on (a, b].

(a) If lim+ @ = L for some positive number L, then either f(x),g(x) are both
im;;:pef(iﬁegmble or both not improper integrable.

(b) If lim+ & = 0, then g(x) is improper integrable == f(x) is improper
inegtable.

Theorem 6 (Absolute Convergence Test). Let f(x) be locally integrable on /. If
|f(x)| is improper integrable on 7, then so is f(x).




Example 1. Discuss the existence of the following improper integrals:

@ / ln(l + sm(xz))

1
(b) / I dx
1 " Va2 +x12 +sinx + 1

oo _a—1
© / Y dx
0 1+x

Sol




Example 2.
(a) When p > 1, does the improper integral / g dx exist?
1 X

sinx

X

(b) Show that /
0

o -
sinx )
dx = oo and / —— dx exist.
0

X

(o]

Example 3. Study the convergence of / sinx dx, what is its principal value?

—00
(o)

How about the convergence of / sin(xz) dx?

—00

Sol




Exercises (a) Show that

2
— — — is bounded on (0, 7], then prove that
X

2
1. Find a locally integrable function f(x) on [0, c0) such that it is improper integrable
. . . 4 1 2\ .
but xh—r&f(x) does not exist. lim ( — ) sin(N + %)x de=0.
N-oo [ smy X
2. Let f : [a,00) = R be locally and improper integrable, i.e., i f(x)dx converges. Hint: Use the Riemann-Lebesgue Lemma in Example 4 of Tutorial Note 9. Oh
Show that if f(x) is uniformly Continuous, then xllm f(x) =0. yes! You need to extend X — g continuou5|y at x =0.
—00 I 2 X
1 - .
; P ; i i sin x T
3. (2007 Spring Final) Does the improper integral /1 Toosx dx exist? (b) By using Exercise 8 and part (a) above, show that / dx = .
_ 0 X
4. Determine the convergence of the following improper integrals: Remark. This improper integral is a textbook example to demonstrate tech-
1/ ) Ll niques in computing improper integrals. Students will revisit this integral in
(a) / 1 dx (b) / 1 dx (C)/ Sin dx,p >0 Math3033 (using Lebesgue Dominated Convergence Theorem) and Math 4023
o Vx(1-x) 0 Vx(1-x) o XxP ’ (using Residue Calculus).

©  sinx 0 X
d —Fdx,p>0 ————dx,p>4
( )/] <P rsinx P (e)/o T+xPcostx P

T
5. Prove that the improper integral / In(sinx) dx exists and compute it.
0

1
1
6. For any a € (0, 1], show that the improper integral / ( P} -a [} ) dx exists,
0 X X

moreover, it is equal to alna.

7. Let f(x) be nonegative and locally integrable on [0,00). Suppose that f(x) is

improper integrable, i.e., f(x)dx < oo,
0

(a) If f is decreasing, show that lim xf(x) =0.

X—00
n
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(b) If f merely improper integrable, show that lim — xf(x)dx=0.
n—oon
8. Show that
/” sin ((N+ %)x) dx |
x sin 3 21
=D (x)
Here Dy (x) is called Dirichlet kernel. It naturally arises in the study of pointwise
convergence of Fourier series (deeper study will be left to Math4052).

9. We still use Dy (x) to denote Dirichlet kernel defined in Exercise 8. We have

shown that the improper integral fooo Si;x dx exists in part (b) of Example 2. In

this exercise we try to show that fooo Si;x dx = % as a byproduct of machinery
developed for studying Fourier series.




