Math2033 Mathematical Analysis (Spring 2013-2014) Tutorial Note 3

Infimum and Supremum

We need to know

e how to find supremum and infimum in a systematical way.

Key definitions and results

Definition 1 (Lower, Upper Bound).

e A set S is bounded below if there is an m € R such that m < x for all x € S,
such m is called a lower bound of S.

o Similarly, a set S is bounded above if there is an M € R such that x < M for

all x € S, such M is called an upper bound of S.

Definition 2 (Infimum). If a set is bounded below, then the infimum of S, denoted
by inf S, is a lower bound of S such that for any lower bound m of S, we have

m <inf§.

It is also called the greatest lower bound of S.
Definition 3 (Supremum). If a set is bounded above, then the supremum of S, de-
noted by sup S, is an upper bound of S such that for any upper bound M of S, we

have
supS <M.

It is also called the least upper bound of S.

Definition 4 (Convergence of Seqeucne). We say that a sequence {a,} (or a,)
converges to a, denoted by lim a, =a or a, — a, if
n—00

Ve>0,ANeN st. n>N = |a,—a|<e.

Theorem 5 (Infimum Property). If a set S has an infimum in R. Then for every
€ > 0, there is an x € S such that inf S < x <inf S +e.

Theorem 6 (Infimum Limit). Let S be a nonempty set that is bounded below. Then
anumber m = inf § if and only if
(a) m is a lower bound.

(b) There is a sequence {x,} in S such that lim, e X, = m.

Theorem 7 (Supremum Property). If aset S has a supremum in R. Then for every
€ > 0, there is an x € S such that supS—e€ < x <supS.

Theorem 8 (Supremum Limit). Let S be a nonempty set that is bounded above.
Then a number M = sup S if and only if
(a) M is an upper bound.
(b) There is a sequence {x,} in S such that lim;,, e X, = M.

Theorem 9 (Density of Q and R\ Q). For every x < y there is an m/n € Q and
also aw € R\ Q such that

m
x<—<y and x<w<y.
n




Example 1. Determine if each of the following sets has an infimum and a supre-
mum in R. If they exist, find them and explain.

() A:{\/§

1
o + k—\& tm,n,k € N}. (Practice Exercise 91(g))

(Practice Exercise 91(m))

(b) B:{:':k,neN,k<\/§}.

n!

() C={a+b:a,beQ,a®<3,2b+1<5).

Sol (c) Proof of inf C = —V/3 — 3. We divide this part into two steps.

Step 1. Find a suitable lower bound of C.
For every x € C, there are a,b € R such that a?><3and2b+1|< 5 and

x=a+bh.

Note that

a?<3 < lal<V3 = -V3<a<V3 and
2b+1]<5 < -5<2b+1<5 < -3<b<?2,

therefore we have
—V3-3<x=a+b<V3+2. (%)

This holds for every x € C, we conclude C is bounded below by —V/3 - 3.

Step 2. Find a sequence in C that converges to this lower bound.
Let’s choose a;, = -3+ % and b, = -3+ % Then a% < 3and |2b, + 1] < 5, so the number

2
Coap+by=-V3-3+= > -V3-3.
n

By Infimum Limit Theorem, inf C = —v/3 - 3.

Proof of supC = \/§ + 2. This is similar to the above.

By (+) V3 +2 is an upper bound of C.

The sequence a,, = V3- %, b, =2- % satisfies
Caa,+b, —> V3+2.

Therefore supC = \/§ +2. |

Example 2. Let A and B be bounded.

(@) Let A+ B={a+b:acA,be B}. Show that
sup(A+ B)=supA+supB

and
inf(X+Y)=inf X +infY.

(b) Let cX ={cx : x € X}. Show that
sup(cX)=csupX whenc>0

and
sup(cX) =cinfX when ¢ <0.

Sol (a) For every x € A+ B, there are a € A,b € B, such that x = a+b < supA +supB, so

sup A + sup B is an upper bound of A + B.

We construct a sequence in A+ B that converges to supA +sup B. By Supremum Limit
Theorem, there are sequences {a,} in A and {b,,} in B such that

an, = supA and b, — supB.

Therefore
A+B>3ay,+b, — supA+supB.

We conclude that sup(A + B) = sup A +sup B.

The rest of part (a) and also part (b) are similar. |



Example 3. Find sup A and inf A, where
A—{m'meZneN N(0,4)
| V3x2n ’ e

1
Also define S = {y— — X,y € A}, what is sup S and inf S?
eX

Sol (i) By definition x > 0 for every x € A. Since

1
E) -0,
V3x2n

therefore inf A = 0.
(ii) Now we show that sup A = 4.
4 is an upper bound of A by definition.

Since for every y € R we have [y-2"]/2" — y, where [y] denotes the integral part of y.

Therefore
J[4V32") 43
Vi V3
We conclude sup A = 4.

Simple manipulation of inequalities gives

1
infS=-1 and supS:4——4
e

For example, let’s prove sup S = 4 — 1/¢* rigorously, the fact that inf S = —1 is left to you.
Indeed, we see that for every x,y € A, inf A < x,y < sup A, therefore

1 1
Yo ox SSwpA-—ox =4-
s04— 4 isan upper bound of S. Next, by Supremum Limit Theorem, there is a sequence
e

A>3 x, — 4, and thus
1

1
S3xp——— —24-—,
eXn e

and therefore | supS =4 - —. |
e

Exercises

1. (2006 Fall Midterm) Let (O;) NQCA;C[0,1).Forn=1,2,... welet

Aps1 = (Vx:x € Ay
Determine the supremum and infimum of | J;_, Ax with proof.

2. (2005 Final) Determine the supremum of

S = U{ +— x€(23\(@}

and be sure to give a proof for your answer.

3. (2002 Spring) Suppose {x,} converges to w € R and x,, < w for all n € N. Now

for each n € N we let

1
yn:Sup{XZk:keN,kSn; }

Show that {y, } converges to w.

4. Find supremum and infimum of each of the following sets:

(@) {Vin—[vn]:neN}®);

(b) {0‘"”/3" :m,neN,m+n¢o},a,ﬁ>o;
m+n

2
m-—n
©  ———:nmeNm>ny;
m2 +n?

n—k?
(d) {M f’l,keN}

()

[x] denotes the integral part of x, which is the biggest integer not exceeding x. e.g., [2.033] =
[-1.033] = —2. It is also commonly denoted by | x | (= [x]), called floor function.
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