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Chapter 1

Linear Systems, Matrices and
Determinants

Linear algebra is, roughly speaking, the study of linear transformations between finite di-
mensional vector spaces. A solid understanding of the subject arguably lead to the success
in learning more advanced subject for which “linear spaces” is the object of interest. The
central concept of linear algebra can be visualized and easily understood through examples
in R™, in particular, let’s start system of linear equations.

1.1 Linear Systems

Given b;,a;; € R,i=1,2,...,mand j =1,2,...,n (possibly m # n), the following

a1121 + a12%2 + -+ + A1 Ty = by

2121 + A2 + - -+ + A2p Ty, = b
(1.1.1)

Am1T1 + Ay + « + Qpmp Ty = bm

is called a system of linear equations with n unknowns. We interpret the brace “{” as “and”.

Example 1.1.2.
x+y=1
xX—y=2
is a system of linear equations with 2 unknowns. This system has exactly 1 solution (x, y) =
3 1
3 73):

Example 1.1.3. Consider the system:

2x+2y =4
(%) _
xX+y=2

Of course we know that two equations are the same, hence we have just 1 equation with
2 unknowns. It should seem natural to us that this system has infinitely many solutions.
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Indeed, fix y = t € R, then x +y = 2 implies x = 2 — t, hence (x,y) = (2 — t, t) is the
only solution (for each t). Note that t can be arbitrarily fixed, we conclude

{2-t,t):teR}

is the collection of all solutions of the system (x).
Example 1.1.4. Consider the system:
x+y=1
—x—y=1

Suppose it does have a solution, then we add two equations to get 0 = 2, this is impossible,
hence the system cannot have any solution.

The above is a few examples to illustrate the general phenomenon that we will study
for linear systems. We will study whether or not a system (i) has exactly one solution;
(ii) has infinitely many solutions; (iii) has no solution.

Definition 1.1.5. A linear system is said to be consistent if it has at least one solution;
otherwise it is said to be inconsistent.

Only coefficients are important in computing the solution(s) of a system, we intro-
duce the matrix notation in order to simplify our work.

Definition 1.1.6. The rectangularly arranged array

a1 aiz A1n
a21 a2z -+ A2n
Aml Am2 - Omn

is called a matrix. Bringing the system (2.2.2) into consideration, the above matrix is
called the coefficient matrix of the system. While the matrix

aiy G2 - Aip | b1
a21 Az asn, | by
Am1 Am?2 e Amn bn

is called the augmented matrix of the system.
Example 1.1.7. We try to determine value of h such that the following system is consistent
x+y=1
2x+2y =h
We adopt the following notations. By

R; — aR; + bR;

6



1.1. Linear Systems

we mean the ith row of the matrix is replaced by a x (ith row) + b x (jth row). Also by
R < R,
we mean we interchange the ith row and the jth row of the matrix.

We perform row operations on the augmented matrix.

1 1|1 RoRrR-—2xrR |1 1 1
2 2| h 0 0| h-—2|"

this is consistent only when h = 2 (otherwise we get an absurd that 0 # 0).

Example 1.1.8. We solve the system

xX+y+2z+w=5
X+y+2z+6w=10
X+2y+5z4+2w=7

by doing row operations on the augmented matrix.

(&)

112 1
FemRRo g 0 0 5
RoR=Ro 1o 1 3 1

—
o

11 21
1 1 2 6
1 2 5 2

\‘
N 1 o1

R2<—>R3
—

R3~>éR3 0

R1—>R1—R2
_—
R,—R>—R3

O =
[« R
o wiN
e
= N O
O O
o = O
o W
= O O
o= W

The original system is reduced to:
X -z =

3
y + 3z =1
=1

Solving backward, we have w = 1, y =1 —3z and x = 3+ z. Here we may fix z = ¢
(conventionally), then
{3+t 1-3tt1):teR}

forms a collection of solutions of the system in this example.

Definition 1.1.9. If two systems have the same set of solutions, we say two systems are
equivalent.

In the previous examples we have seen that a system can be solved by:
(i) Interchange 2 equations.
(ii) Multiply an equation by a nonzero constant.
(iii) Add one equation by another equation.

Clearly each of the above operations is reversible, which means that the solution(s) of a
system will not be altered under these operations. Put in other way, (i), (ii) and (iii)
produces equivalent systems.

Definition 1.1.10. A matrix is in row echelon form if
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(i) All nonzero rows are above any zero rows (that is to say, all zero rows, if any,
belong at the bottom of the matrix).

(ii) The leading coefﬁcien of a nonzero row is always strictly to the right of the
leading coefficient of the row above it.

(iii) All entries in a column below a leading entry are zeroes (implied by the first two
criteria).
Definition 1.1.11. A matrix is in reduced row echelon form if it satisfies:
(i) All nonzero rows are above any rows of all zeroes.

(ii) The leading coefficient of a nonzero row is always strictly to the right of the leading
coefficient of the row above it.

(iii) Every leading coefficient is 1 and is the only nonzero entry in its column.

Example 1.1.12. Consider two matrices:

2 2 3
A= |0 3 4
0 00

[SaRNe e

1
and B= 10
0

o = o

30
4 0
0 1
A is in row echelon form and B is in reduced row echelon form.

Definition 1.1.13.

(i) For an echelon form, a column containing a pivot (there is at most one) is called
a pivot column.

(i) If the ith column of an echelon form of the coefficient matrix of a system is a pivot
column, then the corresponding ith variable is called a basic variable.

(iii) If the ith column of an echelon form of the coefficient matrix of a system is not a
pivot column, then the corresponding ith variable it is called a free variable.

Example 1.1.14. Reconsider coefficient matrix of|[Example 1.1.8, A = [

of [Example 1.1.8, we have row reduced A to:

1
1
1

N~
GINN
NO—

] . By the solution

10 -1 0
01 3 0
00 0 1

Thus the 1st, 2nd and 4th columns of the reduced row echelon form of A are pivot columns.

Consider the system Ax = b, for some b € R3, since

112 1|h (1] 0o -1 o0 |«
112 6|b|—--—[0 [1] 3 0%,
1 2 5 2|b 0 0 0 [1]]«

here * means some numbers. Since the first, second and forth columns of the row reduced
coefficient matrix are pivot columns, therefore xi, x», X4 are basic variables. The rest, x3, is
a free variable.

(*) " The first nonzero number from the left, also called the pivot.
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The computational experience shows us
# of columns of coefficient matrix = # of basic variables 4+ # of free variables,
also,

# of basic variables = # of nonzero rows in echelon form of cofficient matrix
= # of pivots in echelon form of coefficient matrix

< m # of rows of coefficient matrix,
min .
- # of columns of coefficient matrix

Theorem 1.1.15. A homogeneous system of linear equations has a unique solution if and
only if there is no free variable.

Proof. Let’s for the moment take it for granted. This statement will be trivial after we
have some familiarity with section [2.8] O

Remark. Reconsider [Example 1.1.8] since z is a free variable, the solution set can be ex-
pressed in terms of z, with z € R being arbitrary. This demonstrates if a free variable exists,
there will be infinitely many solutions.

On the other hand, if there is no free variable, then every variable will be basic
variable, namely, the linear system has at most one solution.

Given a set of linear equations

a1121 + a12%2 + - - + a1 Ty = by

a21%1 + a22%2 + -+ + A2 Ty = by

Am1T1 + Gm2X2 + -+ + AmpTn = bm;

if we define

a11 a12 A1n by
ao1 a2 a2n bo

a; = . ) g = . ) sy . and b= . )
Am1 Am2 Amn bm

then the above system of linear equations can be neatly written as
r1a1 + X209 + -+ + xpa, = b.

This equation has a nice geometric interpretation. When m = 3 and n = 2, the solvability
of the above equation is the same as whether or not b is in the plane in R3 “created” by a;
and as:

az

b=ar+ 2
b = a1 6a2
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This observation enables us to have three equivalent ways to view a linear
system:

(i) A system of linear equations;
(ii) As a vector equation z1aq + x2as + -+ + Tpa, = b;

(iii) As a matrix equation Az = b.

1.2 Matrix Operations

1.2.1 Basic Definitions

Convention. Every element v € R" will always be a column vector. Moreover, the ith
coordinate is usually denoted by wv;.

Definition 1.2.1. We write A € M,,x»,(R) if A is an m x n matrix. Moreover, if A is
expressed as

a1 a2 A1n

G21 Q22 Q2n

Am1 Am?2 e Amn
we denote A = [aij]mxn, Which means that ¢ runs through {1,2,...,m} and j runs
through {1,2,...,n}. By convention a 1 x 1 matrix is regarded as a real number,

namely, M1x1(R) =R.

Definition 1.2.2. The multiplication of matrices is defined as follows:
ayr o aip | [bin o by
= [Cij]mxna

Am1 .. amp bpl e bpn

mxp pXn

_ NP
where ¢;; =Y 1 _; airb;.

Before giving examples, we mention a few computational facts. Let matrices A €
My xp(R) and B € Mpx,(R), B can be written as

B:[bl bn]7

where b; € RP, hence by definition of matrix multiplication, we have the following compu-
tational formula
AB=A[by -+ b, =[Ab --- Ab,]. (1.2.3)

So to compute two big matrices, we need to know how to compute Az, where z € RP. Again
by definition of matrix multiplication, if we write

A=[m ap]
where a; € R™, then
T1
Az =lar - ap] | 1| =mzia1 + 202 + -+ + Tpap. (1.2.4)
Tp

10



1.2. Matrix Operations

The formula ([1.2.3)) and (1.2.4) will suffice to do all computation we need for matrices.

Example 1.2.5. Let

A:Ll1 g :61 B:[; 180}, u:[_ll} and v=][1 1].
We repeatedly use (T.2.3) and (1.2.4) to compute Bu, vA, BA and vBu as follows:
e 810181
A=[1 1]{1 : g}z[[l 1]m [ 1][5} [ 1][2”:[5 7 g
2=l 1o] ] [ w0/ ls] Is ol [s]
= {[o]+4 L] 2[e]+5 [k 3[e] +elol

_[39 54 69
~ 49 68 87

and finally
vBu=v(Bu)=[1 1] [:ﬂ =-1-1=-2.

Recall that a 1 x 1 matrix is considered as a number. This will be found convenient in
application.

The computation of v Bu might be ambiguous, why does vBu = v(Bu)? Can’t it be
(vB)u? Are they necessarily the same? This can be explained by the properties (specifically,
the associativity) of matrix multiplication which we summarize below:

Proposition 1.2.6 (Algebraic Properties of Matrix Operations).

(i) A+ B=B+ A (Commutativity of Addition)
(ii) (A+B)+C=A+(B+C) (Associativity of Addition)
(iii) (AB)C = A(BC) (Associativity of Multiplication)
(iv) A(B+C)=AB+ AC and (B+ C)A=BA+CA (Distributive Law)

(v) A(aB) = (aA)B = aAB for any a € R

Proof. In the following we let A = [a;j]nxn = [@G1 a2 -+ an] and define B and C
similarly. We shall omit the subscript n x n to A, B and C' for convenience.

(i) A+ B = [ag;] + [bij] := [aij + bij] = [bij + aij] = [by] + [ay] = B+ A.
(ii) Similar to (i)

iii) We use the computational fact (1.2.3). The ith column of the the matrix
(AB)C' is (AB)c;. While that of A(BC) = A[Be; --- Bcy] is also ABg;.

(iv) A(B+C) = laglby + cij] = [Ziy air(bry + cxy)] = [Dj_y ambrs] +
> r_j aick;) = AB + BA. The fact that (B + C)A = BA + CA can be proved
similarly.

11
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(v) If also follows from the computational fact (1.2.3]). O

Corollary 1.2.7 (Linearity). Let A € M;,xn(R), the function T : R™ — R™ defined by
T(x) = Az is linear in the sense that

Az +y) = Az + Ay and A(azx) = oAz, for any a € R.

Next we introduce usual notations and terminologies for some important matrices.
The zero matrix is

0 ... 0
0 --- 0
denoted by 0 or O. The identity matrix in M, x,(R) is
10 --- 0
01 --- 0
00 --- 1

where only the diagonal elements are nonzero, denoted by I,, or simply I.

Definition 1.2.8. Given a matrix A = [a;j]mxn (possibly m # n), we define
AT = [bij}nxmv

where bij = Qjj-

Example 1.2.9. Given matrices

1 2 3
A= E E g} and B=1|4 5 6
7 8 9
We A = [ajj]2x3 and bj; = ajj, then
b1 b2 ain an 1 4
AT = [bjlsxe = |bn bx| = |a2 an| = |2 5
b3 b3 a3 a3 3 6

With the experience in computing AT, we observe that if

T
a

C:

T
Cm

where ¢; € R”, then C is an m x n matrix, whose transpose C is given by

C'=les & - cml|,
| |
hence
1 4 7
B"=12 5 8
3 6 9

12



1.2. Matrix Operations

Another way to compute the transpose of a square matrix is to reflect all its entry along the
diagonal.

Definition 1.2.10. Let a square matrix A = [a;;]nxn be given.
(i) A is said to be diagonal if i # j = a,;; =0.

(ii) A is said to be upper triangular if j < i = a;; = 0.

)

)
(iii) A is said to be lower triangular if j > i = a,;; = 0.
(iv) A is said to be symmetric if a;; = a;; for every i, j, i.e., AT = A.
)

(v) A is said to be skew-symmetric if a;; = —aj; for every 4,7, i.e., AT = —A.

Example 1.2.11. Consider the matrices:

11 1 0 O 10 0 0o 2 -1
A:[O 1], B=]0 2 0|, C=1]0 2 0 and D=|-2 0 -3
0 0 -1 2 0 -1 1 3 0
(i) Which is diagonal? (iv) Which is symmetric?
(ii) Which is upper triangular?
(iii) Which is lower triangular? (v) Which is skew-symmetric?

(i) Only B is diagonal; (ii) Only A and B are upper triangular; (iii) Only B and C
are lower triangular; (iv) Only B is symmetric; (v) Only D is skew-symmetric.

Proposition 1.2.12 (Properties of Transpose). Given A, B € M, «,(R) and ¢ € R, we have

(ABYT =BTAT, (A+B)T =AT + BT, (cA)T =cAT and (AT)"'=(4A"1HT.

Proof. Write A = [a;], B = [as;], AT = [a};] and BT = [b},], then [AB] = [Y_}'_ aby;],
it follows that

T
(AB)T = [Z aikbkj‘| = [Z ajkbki] = [Z bipai; | = BTAT,
k=1 nxn k=1 nxn k=1
we leave the rest as exercises. ]
Theorem 1.2.13. Let A be a real square matrix, then
(i) (A+ AT)/2 is symmetric.
(ii) (A+ AT)/2 = A iff A is symmetric.
(iii) (A — AT)/2 is skew symmetric.
(iv) (A— AT)/2 = A iff A is skew symmetric.
Proof. This follows directly from [Proposition 1.2.12] O

13
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Started from chapter 2 we will consider real and complex vector spaces at the same
time, therefore we will also need terminology for complex matrices.

Definition 1.2.14. For a matrix A € M, 4, (C), write [a;;], we define A = [a;;]. The con-
jugate transpose of A is defined by

A =A"

A matrix A is said to be Hermitian if A* = A.
We will see that the matrix A* on C™ play the same role as a matrix A7 on R”.

This will be made apparent when “dot product” on R™ and C™ are defined respectively.
Now [Proposition 1.2.12| can be translated to conjugate transpose.

Proposition 1.2.15 (Properties of Conjugate Transpose). Given A, B € M, «,(R) and ¢ €
C, we have

(AB)* = B*A*, (A+B)* = A" +B*, (cA)*=cA* and (A*)"!'=(A"1"

Proof. By taking - on both sides of the first three equalities in |Proposition 1.2.12| we
get respectively the first three equalities in [Proposition 1.2.15] For the last one, we take
conjugate transpose on both sides of AA™! = 1. a

1.2.2 Elementary Matrices
We notice that:

multiply the 3rd row by constant k

LT

1 0 0f a1 a2 a3 a1 a2 a13

0 1 0 |ao1 a2 ao3| = | ax a2  ass

0 0 k| |as1 a3z as3 kazy kasz kass

1 1 0f |ain a2 a3 a1+ a1 a2 +as a3+ asa
add the 2nd row 0 1 0] |az1 aze ags| = az az2 az3
to 1st row 10 0 1] [as1 a3z2 as3] | a3 azz as3

0 1 0f (a1 a2 a3 as1 a2 a3

1 0 0] |aog1r a2 ao3| = a1 a2 a3

10 0 1] [as1 a3z2 ass3] |31 Q32 a33

o

switch the 1st and 2nd row

Multiplying those kinds of matrices on the left results in elementary operations. Because of
that these matrices bear a special name.

Definition 1.2.16. Let R; denote the ith row of an identity matrix I. Every matrix obtained
from I by one of the following operations:

14



1.2. Matrix Operations

(i) Multiplying the row R; by a constant.
(ii) Replacing R; by R; + R;.
(iii) Switching R; and R;.
is called an elementary matrix.
As what we observe, multiplying a matrix A (not necessarily square!) on the left

by an elementary matrix obtained by doing (i), (ii) or (iii) on I will result in a matrix A’
obtained by doing (i), (ii) and (iii) respectively on A.

These observations enable us to observe the following:

Theorem 1.2.17. For every matrix A, there are elementary matrices Ey, Es, ..., E}y such
that
E.---EyF A

is in reduced echelon form.

Proof. This follows from the algorithm that always enables us to reduce a matrix into
reduced row echelon form by row operations. O

1.2.3 Compute Inverse by Row Operations

Definition 1.2.18. A € M, «,(R) is said to be invertible if there is a matrix B € M, x,(R)
such that BA = AB = I,,. In this case B is called the inverse of A, denoted by A~!.

Remark. It is easy to prove that for A, B € M, «,(R),
AB=1 < BA=1,

hence to show a matrix B is an inverse of A, it is enough to check one of equalities: BA =1
or AB=1.

Theorem 1.2.19. If A is invertible and
(A1)~ [T | B]

under finitely many row operations, then B = A~1.

Proof. Since A is invertible, after finitely many row operations we can reduce it into
1. Namely, there are elementary matrices 1, Fo, ..., Ej such that

Ey---EyE1A=1.
From that we conclude Ej - -- FsE; = A~1. Consider
41,
after finitely many same row operations we have

(A1 = = By BBy [A |1 = [T | By BaBy] = [I| A7, D

15
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Example 1.2.20. Consider

= W

2 6
A= 1 2
2 25

let's compute A~ by row operations. Construct the augmented matrix [A ‘ I] and reduce
the left half of this into /.

32610 0 112/010
11 2/0 1 ol 22”13 2 61 0 0
2 2 50 0 1 2 2 5/0 0 1
1 1 2]0 1 0]
FemR3R 10 21 01 -3 0
2 2 5/0 0 1]
1 1 2]0 1 0]
LR 2R 1o -1 01 -3 0
0 0 1|0 -2 1]
1 0 2/1 =2 0
PRtk 1o 1 01 =3 0
0 0 1/0 —2 1
1 0 0|1 2 -2
LR 2R lo -1 0|1 -3 0
0 0 1/0 -2 1
1001 2 -2
FemRo 1o 1 0021 3 0
00 1|0 -2 1
So
1 2 -2

>
AN

I

\

—

w

o

1.2.4 Uniqueness of Reduced Row Echelon Form

Theorem 1.2.21. The reduced row echelon form of an m X n matrix is unique.

Proof. We will prove by induction on n. The case that n = 1 is trivial, let’s suppose
now every m X (n — 1) matrix has unique reduced row echelon form.

Consider an m X n matrix A = [A’ g, a € R™. Let B = [B’ §| and C =
[C" ¢], b,c € R™, be reduced row echelon form of A. Since B’,C’ are reduced row
echelon form of A’, by induction hypothesis B’ = C’. Therefore B and C only differ
from the last column.

For the sake of contradiction let’s suppose b # c. Let Bx = 0, then due to row
equivalence we have C'xz = 0, therefore

(B-Cix=0=[0 b-z,

where O denotes a zero matrix and b — ¢ # 0. If we write x = (21, 22,...,2,)7, then
Zp = 0. Similarly, Cz = 0 implies x,, = 0. Which means that b and ¢ must contain a
pivot of A, otherwise the system Ax = 0 will have z,, as a free variable, meaning that
x, can be arbitrary, not necessarily zero. Since B and C are reduced row echelon form,
the pivot 1 must appear in the row of b, ¢ which is the first zero row of B’ = C”, meaning
that b = ¢, a contradiction. O
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1.3. Determinants

1.3 Determinants

1.3.1 As The Unique Multilinear Functional

Let F denote R or C. Throughout this section all scalars will be over F. We introduce a
“multilinear” function on M, «,(F) which provides us a useful, systematic and mechanical
way to determine the invertability of a square matrix (matrices with complex entries will be
found important later). This function is denoted by

8§t Myyn(F) = F.

We will require § satisfy the following properties:

(i) 6(I) =1.
(ii) 0(A) is linear in the rows of A. (1.3.1)

(iii) If two adjacent rows are equal, §(A) = 0.

We describe § as “multilinear” due to property (ii).

For example, if ¢ satisfies ((1.3.1]), then

100 100 100
010 2 3] =260 1 0] +35(0 0 1| =2x14+3x0=2.
0 0 1 0 0 1 0 0 1

We can already compute §(A) for some A, it will be seen later that the rules given in ?1.3.1

fix the way we compute 0(A) for any n x n matrix A, and thereby showing [Theorem 1.3.5L

Before arriving to this uniqueness result, we investigate the properties of such “mul-
tilinear” functions.

Proposition 1.3.2. Let § : M, x,(F) — F satisfy properties in (1.3.1)), then:

(i) If A’ is obtained from A by adding a multiple of ith row to jth row (i # j), then
5(A") =4(A).

(ii) If A’ is obtained from A by interchanging ith row and jth row (i # j), then
5(A") = —4(A).

(iii) If A’ is obtained from A by multiplying the ith row by a constant c, then §(A’) =
co(A).

(iv) If the ith row of A is a multiple of the jth row of A, then 6(A) = 0.

Proof. (iii) This is just linearity of 6(A) on rows of A. In the sequel we first assume
j =141, ¢ < n for simplicity.

0| R +aR—|=0| — R |Tad| ____p

17



Chapter 1. Linear Systems, Matrices and Determinants

— R—— R~ R — R — Ri—
| 5 —=&
=0|___R, =0\ R

(iv) This follows from linearity of 6(A) on rows of A and property (iii) of (1.3.1)).

Now for the general case, (iv) holds immediately by switching rows finitely many
times. From that point, the proof in the special case of (i) carries over to the general
case, so (i) holds, and hence the proof of the special case of (ii) also carries over to the
general case, (ii) also holds. O

Proposition 1.3.3. §(E) takes the following value when E is an elementary matrix that:
(i) Adds a multiple of a row to another, §(E) = 1

(ii) Interchanges two rows, §(E) = —1.

(iii) Multiplies a row by a nonzero constant ¢, 6(E) = c.

Proof. This follows directly form [Proposition 1.3.2] |

Proposition 1.3.4. If A € M« (F) and E € M,,x,,(F) is an elementary matrix, then

S(EA) = 6(E)5(A).

Proof. This follows directly from [Proposition 1.3.2] and [Proposition 1.3.3| ([l

Theorem 1.3.5. There can be at most one function § : My, x,(F) — F satisfying properties

in (33

Proof. For every nxn matrix A, there are elementary matrices such that Ej, - -- Fo F1 A =
R, where R is the reduced row echelon form of A, and hence

6(E1)0(Ez) - 0(En)d(A) = 6(R)

by applying [Proposition 1.3.4] finitely many times. Consider the following dichotomy:

e If A is not invertible, R has a zero row at the bottom.
e If A is invertible, R = I, the identity matrix.
It follows that when A is not invertible, 6(A) = 0. When A is invertible,

1
O(EL)S(Es) -+ 0(En)’

5(A) =

18



1.3. Determinants

here 6 must be computed by formulas in[Proposition 1.3.3|whenever § satisfies properties

in (T31). 0

To complete the proof that there is a unique function satisfying properties in (1.3.1)),
we need to show existence. It turns out that properties (1.3.1)) itself provide us the formula:

Theorem 1.3.6. Let § : M, «,(F) — F satisfy properties in , then for A = [ai;]nxn,
we have

5(A) = Z Sgn(U)ala’(l) U ana(n)‘

gES,

Before going into the proof, we need to explain the notations here. By S,, we mean
the collection of all bijective maps o : {1,2,...,n} — {1,2,...,n}, i.e., all permutations of
the first n positive integers. Also the quantity sgn(c) will be explained in the proof.

Proof. Let e; =(1,0,...,0),e2 = (0,1,...,0) and e,, = (0,0, ..., 1), the standard basis
of Myxn,(F). We note that by linearity on the first row, second row, ..., and then nth
rows, we have

n . .
a1 - G1n Zj1:1 151 €51 €5y
a1 -+ A2n a21 ce a2n n a1 -+ A2n
] . . . =9 . . . = E alj15
. . . . . . jlzl
an1l Tt Anpn an1 e Ann an1 e Anpn
€5,
n n .
e]z
- E : E : 1J1a2j2 : .
Jji=1j2=1 : )
an1l tee Ann

n

n
6]2
Z Z a1y A2j, ** * A, 0 )

1j2=1 Jn=1

I
I Mﬁ

<.

j1

€ja
Z a1j, Ggj, -+ + Ang, 0 :

1<j1,--dn<n
Ji# g ViFk

ejn
€s(1)
€o(2)
= Z A15(1)025(2) *** Qng(n)0
oESR
€a(n)
= Z Sgn(a)alo(l)a20(2) *Qpo(n)s
gES,
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€s(1)
€o(2)
where sgn(o) = 0| . is 1 if o is an ever|()| permutation end —1 if o is an odd
. ea;n)
permutation. O

Therefore the unique function stated in exists. Henceforth we denote
0 = det = | - | which we call:

Definition 1.3.7. When A is an n X n matrix, the determinant of A is denoted and defined
by

det A = |A| = Z Sgn(U)ala(l)a20(2) © Qpo(n)-
€Sy

From the last paragraph in the proof of we have shown that:

Theorem 1.3.8. A square matrix A is invertible <= det A # 0.

1.3.2 Computational Facts and Cofactor Expansions

Finally to develop an effective way to check invertability, we need to develop computational

tools in order to make good use of

Theorem 1.3.9. If A, B are n X n matrices, then

det(AB) = det Adet B.

Proof. Let P be the product of elementary matrices such that PA = R, where R is
the reduced row echelon form of A.

If A is not invertible, then the last row of R is a zero row, so is PAB = RB,
thus PAB is not invertible, i.e, AB is not invertible, hence

det(AB) =0 and detAdetB=0-detB =0.

If A is invertible, then R = I, hence A is the product of elementary matrices,
A= FEE; - Ej;. Then by |Proposition 1.3.4] many and many times,

det(AB) = det(ElEg R EkB)
= det(E;) det(Es) - - - det(Fy) det B
= det(E1Ey -+ Ey)det B = det Adet B. O

Theorem 1.3.10. If A is an n X n matrix, then

det A = det AT

€o(1)
€o(2)
() The pairity of the number of steps we switch two rows to turn the matrix . into 1

€o(n)
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1.3. Determinants

Proof. If A is not invertible, so is A7, thus det A = det AT = 0.

If A is invertible, then A is the product of elementary matrices, A = E1Fs - - - Ey,

by it is enough to show [I'heorem 1.3.10|is true for elementary matrix F,
ie., det E = det ET.

If E (times A) adds ith row to jth row, then E =

e; +e; , a direct

verification shows us ET = e; +e;

which (times A) adds jth to ith row,

hence det E = det ET = 1.

If E (times) A interchange rows, so does ET (since ET = E~1), thus det £ =
det ET = —1.

Finally, if F (times A) scales one of the rows, then E is diagonal, so E = ET.0]

Definition 1.3.11. Given A € M,,«,(F).

(i) Let Aij € M,—1)x(n—1)(F) denote the matrix obtained by deleting the ith row
and the jth column of A.

(ii) We define the (¢, j)-cofactor, c;;(A), by
Cij(A) = (—1)i+j det(Aij).

Example 1.3.12.

then
12 3
-3 9 8
7 8 9
and
2 3
cu(A) = (-1 |4 56| = ‘; 3‘
78 9

Now we can compute the determinant of a large square matrix by its submatrices.

Theorem 1.3.13 (Cofactor Expansion). Let A = [a;j]nxn, then the expansion along ith
row is

det A = a“Cil(A) + auL‘QCiQ(A) + -+ CL”LC”L(A)

The expansion along the jth column is given by
det A = a1;5C1j (A) + a25C2; (A) + -+ anjcnj(A)-
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We just prove the cofactor expansion along i¢th row, the one along jth column is
essentially the same.

Proof. First of all we prove the following: Suppose B is an (n — 1) x (n — 1) matrix,

then _
det LI0% ) _ det B (1.3.14)
ST | = . 3.

AT
To see this, let [ (1) OB } = [bij]nxn, then by [Theorem 1.3.6| we have

det[b;] = Z sgn(0)b15(1)b20(2) * * * Ono(n) = Z sgn(0)bis(1)b20(2) - * * bro(n)-

o€eSy oESnp
o(1)=1

For simplicity, let S = Perm({2,3,...,n}), the set of bijections from {2,...,n} to itself,
then
det[bi;] = > sgn(p)biibapez) -+ bup(n) = 1 - det B,
peS

as desired. We will see that (1.3.14)) is the key ingredient to finish the proof very soon.

Let A = [a;;], then by linearity of determinant in the ith row, we have

aix -0 Qln
n . . .
det A = Z a;f det ef ,
k=1 . i .
ap1  *°° Qnn
or more precisely,
[ an - ayk-1y 0 argyny - arn |
n aG—-1)1 " QG—1)(k—1) 0 AGi—1)(k+1) " GG-1)n
det A= ajpdet| 0 0 0 1 0 0 0o |,
k=1 a@+1)1 0 Qi4+1)(k—1) 0 A(i4+1)(k+1) " Q4+1)n
L Qni U (€277 0 an(kJrl) e Unpn |
here we have performed row operations on the kth column, £ = 1,2,...,n. We can

move our 1 to the upper left corner by switching 1 to the left kK — 1 times and then
switching it upwards ¢ — 1 times, it follows that by (1.3.14]),

det A = Zaik(_DH—k det A;, = Zaikcik(A)- O
k=1 k=1

Remark. Cofactor expansion is very helpful if the size of the matrix is small and almost
all of entries are numerical value. This is why we invent the formula in
although we already have one in [I'heorem 1.3.6| In|Problem 1.13]you are asked to prove a
formula that is not easily explainable by cofactor expansion but still manageable if we use
the definition of determinant that we start with.
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1.3. Determinants

Example 1.3.15. By cofactor expansion along the first row,

a b
d

’ =a-(~1)""d) +b-(~-1)""2(c) = ad — bc.

Remark. We should beware of minus signs in using cofactor expansion. We may memorize
the diagram instead of computing (—1)** each time:

+ - +
-+ - (1.3.16)

Example 1.3.17. We bear (|1.3.16]) in mind and use cofactor expansion along the first row.

1 -1 3
1 0 1= 1 —(—1)1 sl Yorysi3-12
5 1 6 1 6 2 6 2 1

For the second one, since there are many Q's on the last column, we use cofactor expansion
along this column with the diagram ({1.3.16]) in mind.

3 20 O

3 .20
5 1.2 0 1 2 5 2
> 6 0 _1/=-(D _56 é i3‘3 1‘2‘_6 1‘153449.
—6 3 1 0

Example 1.3.18. In the following we use R; to mean the ith row and C; to mean the ith column.
Our strategy is to produce as many 0's as possible.

a+b+2c a b
c b+ c+2a b
c a ct+a+2b
. n R at+b+c 0 —(a+b+0)
SRR b+c+2a b
c a a+2b+c
1 0 -1
=(a+b+c)|c 2a+b+c b
c a at+2b+c
C ° y W
IS (a4 btc)|2atb+c) 2atbtc b
2(a+b+c) a a+2b+c
0 0 -1
=2(a+b+c)?|]1 2a+b+c b
1 a at+2b+c
—2(a+ b+ c)(~1) H 2a +ab+c

=2(a+ b+ )

Example 1.3.19. Let R; and C; be defined as in the previous example.

a2 bc 2+ ca

a®+ab b? ca
ab b% + bc c?
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a c c+a
=abcla+ b b a
b b+ c c
c —2c c c+a
%abc 0 b a
—2c b+c c

—2c ¢ c+a

M abc| 0 b a
0 b -—a

= abc(—2c¢) Z _aa

= abc(—2c)(—2ab)

= 4a°b%c?.

We summarize what we have in this section:

Facts for Determinants

(i) For square matrix A, det A = det AT
(ii) For square matrix A, A is invertible <= det A # 0.
(iii) For A, B € Myxn(F), det(AB) = det Adet B.

)

(iv) Let R and S denote rows of a matrix, for any ¢ € F:

(a) CR =c R
R R
(b) = 5
S S+ cR—
R s
(© =]
S R

The above are also true for columns due to (i).
(v) Definition:

det A = Z SgN(0)A14(1)  * * Ano(n)-
oESy

(vi) Cofactor Expansion: Let A = [ai;]nxn, then the expansion along ith row is

det A = ailcﬂ(A) + aigcig(A) + 4 amcm(A)
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The expansion along the jth column is given by

det A = aljclj(A) + agjcaj (A) + -4 anjcnj(A).

1.3.3 Compute Inverse by Cofactor Matrix

Apart from performing row operations, we can invent a new formula to compute inverse in
terms of cofactors and determinant. For this we define two terms:

Definition 1.3.20. Let A be an n x n matrix. The cofactor matrix of A is defined by

cof A = [¢;;(A)lnxn-

The matrix (cof A)T is usually called adjoint matrix of A. Since later we will
adopt this term for “linear maps”, to not mess things up we will not adopt the use of this
term adjoint for matrices. We are ready for the last theorem in this chapter:

Theorem 1.3.21. Let A be a square matrix, then
A(cof A)T = (det A)I.

Furthermore, if A is invertible, namely, det A # 0, we have

_ 1
A7 = detA(cofA)T.

Proof. To prove A(cof A)T = (det A)I, since

aijp aiz - Aip Cll(A) CQl(A) T Cnl(A)
A(Cof A)T _ (1.21 a.22 . a?n 612.(14) CQQFA) . Cng.(A)
Gn1 Ap2  **°  Apn Cin (A) Con (A) ce Cnn(A)

We observe that the ith diagonal elements of the product is just the cofactor expansion
of A along the ith row, hence it is det A. On the other hand, the nondiagonal ijth
elements (i # j) of the product is

Z aiijk(A).
k=1

Which is the determinant of the matrix A’, obtained from A by replacing the jth row
by the ith row. Therefore A’ has two identical rows, det A’ = 0, hence we get desired
equality.

The second equality follows from taking A~! on both sides of A(cof A)T =

(det A)I. O
Example 1.3.22. We compute the inverse of the matrix A := zzg} again whose inverse has
been computed using row operations in This time we do so by computing

det A and cof A.
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By cofactor expansion along the first row,

1 2 1 2 11 1 2
detA—3‘2 5‘_2’2 5’%‘2 2‘_'2 5‘ 54—
Also, we have
1 2 12 11
2 5 2 5 2 2
1 -1 0
2 6 3 6 3 2
wne | BY EL RY[ T
2 6 3 6 3 2
1 2 1 2 11
hence
1 1 2 =2
1= (cof AT=1]-1 3 0
det A 0 -2 1

1.4 Exercises

Linear Systems

Problem 1.1. Let A be a matrix with the following reduced row echelon form

0 2

1
1 1 4
0 0 O
0 0 O

oo o

Also, let a1, az,as3,as € R* be the columns of A such that A =[a1 a2 a3 a4]. Find
asz and ay if

-3 4
a; = ; and a9 = _73
1 -1

Matrix Operations

Problem 1.2. Prove (i) and (iii) of [Theorem 1.2.13] Moreover, show that every matrix

A € Myxn(R) can be written as
A=B+C,

for some symmetric matrix B and skew symmetric matrix C.

Problem 1.3. Let P € Ms42(R) be such that PA = AP, for all A € May2(R), show
that
P =kly,

for some k € R.

Problem 1.4. Let A € M,,»,(R). If A = [a;;]nxn, we define the trace of A by

TrA=an +ax+ +anm,

26



1.4. Exercises

ie., Tr A is the sum of all diagonal elements. Prove that given A € M, i (R) and
B € Mxn(R), we have

Tr(AB) = Tr(BA).

Hint. You need to use [Definition 1.2.2)

Problem 1.5. Prove that if A = [a;;]nxn is symmetric (i.e., AT = A), then for B =
[bij]nxn, one has

TI‘(AB) = zn: zn: aijbij.

i=1 j=1

Remark. This formula enables us to write linear 2nd order PDEs in a neat and compact
way.

Problem 1.6. Let aq,as,...,a, € R. Denote

a;aj
l+af+a3+---+a?

nldnxn

A= [513 + aiaj]an, B = 5@1' —

Here 6;; = 1 if i = j and = 0 otherwise. Find AB.
Hint. You need to use [Definition 1.2.2

Problem 1.7. Let A, B € M, x,(F). If A3 = B3 and A2B = B?A, can A% + B? be
invertible?

Problem 1.8. Show the following properties for square matrices:

(i) Sum and product of upper triangular matrices is upper triangular.
(ii) Sum and product of lower triangular matrices is lower triangular.

(iii) Sum and product of diagonal matrices is diagonal.

Determinants

Problem 1.9. Let o € R and A € M,,«,,(R), show that det(aA) = o™ det A.
Problem 1.10. Consider the following statement and its “proof”:

Statement. Let A € My, xn(R) and B € My, xm(R), then det(AB) =
det(BA).
Proof. det(AB) = det Adet B = det Bdet A = det(BA).

(i) Is the proof correct?

(ii) Is the statement true? Prove or disprove.

27



Chapter 1. Linear Systems, Matrices and Determinants

Problem 1.11. Show that

a b c
a? b 2| =(a—b)(b—c)(c—a)(ab+bc+ ca).
bc ac ab

Problem 1.12. Given vy, vy, v3 € R3, verify the scalar triple product:

vy - (vg X v3) =detfv; vy ws).

Remark. Let m,, denote the n-dimensional “volume” on R™, we can show that
|det [v1 -+ vn]| = mu({z1v1 + -+ Tpv T, T € [0,1])).
So both sides of “scalar triple product” represent “oriented” volume of the parallelepiped

spanned by vy, vo, v3, thus it is legitimate to guess such an equality.

{z1v1 + 2203 + T3v3 : 21,22, 25 € [0,1]}

U3
z N AN
\\ / \\
\N_ s \
/ 7 4
/ ’ /
/ ’ 4
/ / y V1 X Vg
/ \45 4 y V3 ———————
7 »v2 7 H’UlXUQH
7 N 4
/ N
_________ N/ o
U1
T

Problem 1.13. Let W(x) denote the Wronskian of functions f1,..., f, evaluated at z

fi(x) fa(x) - fa(@)
fi(z) folz) o fo(@)
W(z) = : : - : g
K@ @) - BT
where f1,..., f, are n — 1 times differentiable at . Prove that
fi(z) fa(z) fn()
fi(z) fox) - fulo)
W'(x) = : : : ;
@) K@) ()
@ B@ e @)

hence, show that if fi, fo,..., fn satisfy the following nth order ODE,
v+ ppa(@)y" Y+ @)y + po(a)y =0,

then W'(x) = —pn_1(z) W(z).
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Chapter 2

Vector Spaces

In this chapter F denotes R or C. We will develop the parallel story of real and complex
vector spaces at the same time. Every definition and statement involving the scalar field F
is supposed to be two separate almost identical statements. For example, the statement

For every x € F, there is y € F such that z +y = 0.
means simultaneously:

For every x € R, there is y € R such that x +y =0; and
For every x € C, there is y € C such that z +y = 0.

2.1 Definitions

Definition 2.1.1. A vector space is a set V along with an addition on V and also a scalar
multiplication on V satisfying the following axioms:

Closedness Under Addition
uveV —= u+veV
Closedness Under Scalar Multiplication
aceFveV = aveV
Commutativity
Forall u,v €V, u4+v=v+u
Associativity
For all u,v,w € V and a,b € F,
(u+v)+w=u+ (v+w), (ab)v=a(bv)
Additive Identity
Thereisan0e€V,v4+0=v forallveV
Additive Inverse
For every v € V', thereisw e V,v4+w =0
Multiplicative Identity
lv=w, forallveV
Distributive Properties

For all a,b € F and u,v € V
alu+v)=au+av, (a+bu=au+bu
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Chapter 2. Vector Spaces

To avoid our statements being cumbersome, let’s adopt the following convention.

Convention. When we just mention V is a vector space, then it is assumed to be over F.

A vector space over R is called a real vector space and that over C is called a complex
vector space. They share many similarities that we don’t try to distinguish them in this
and next chapter, and their main distinction will be seen in Chapter 4.

General Rule. When we mention a vector space that is not closed under nonreal
scalar, then our discussion will be over R, so when we quote any definitions and
results, we first replace F by R.

Theorem 2.1.2. Let V be a vector space. They all share the following properties:
(i) V has a unique additive identity (denoted by 0).
(ii) Each element v € V' has a unique additive inverse —v.
(iii) Ov =0 for allv € V.
(iv) «-0=0 for all « € F.
(v) (~1)v=—v forallveV.

Proof. (i) Suppose we have two additive identities 0 and 0’. Then by definition for
every u,v € V, u+ 0 = u and v + 0’ = v. In particular, if we take u = 0’ and v = 0,
then

commutativity

0=0+0 0+0' =0.
(ii) Let z,y € V be additive inverse of v € V' then
r=z+y+v)=(@+v)+y=y.
(iii) Ov = (0 + 0)v = Ov + Ov, we add the additive inverse of Ov on both sides to
get Ov = 0.
(iv) Let « € F, by (iii) 0-0 =0, s0 @0 = a(0-0) = («-0)0 =0-0=0.

(v) Here —v means the additive inverse of v, not (—1)v by definition, although
indeed they are the same:

—v=—v4+0=-v4+0v=—v+(1-1v=—v+v+(-Dv=0+(-1)v=(-1)v. O

Due to (i) of [Theorem 2.1.2) we always denote a zero vector by 0, or more often

simply by 0. Also due to (ii) every additive inverse of v € V is denoted by —v

Example 2.1.3 (List of Some Vector Spaces). Each of the following is a vector space with
naturally defined addition and scalar multiplication.

(i) F"
(i) The collection of polynomials with degree at most n

]P),,(F) = {a,,x" + an_lx"71 +---4ag:apa,---, an € ]F}
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(iii
(iv) R[0,1] := {R-valued Riemann integrable function on [0, 1]}.

C([0,1],TF) := {IF-valued continuous function on [0, 1]}

(Vi) Mimxn(F) := {[aijlmxn : a;j € F}

)
)
(v) F>° := {(x1,x2,X3,...) : X1, X2, X3, - € F}
i)
(vii) Trivial vector space: {0}

We will see that (iii), (iv) and (v) in [Example 2.1.3| are much larger than the rest

in the sense of vector space dimension (or simply dimension) that we will shortly study.

Caution. The example above serves as a warning that when we speak of vector
space, it is not necessarily F*. By a vector we merely mean an element in a
vector space, not a column.

2.2 Linear Span

Definition 2.2.1. Let V be a vector space and vy, vs, ..., v, € V, then for every x1,x2,...,2, €
F,
T1V1 + Tavg + -+ -+ TpUy
is called a linear combination of vy, vs,...,v,. The linear span (or simply span) of
V1, V2, ..., Uy, is denoted and defined by
spang{vy, va,..., v} = {z101 + T2V3 + - -+ + TRV, X1, To, ..., T, € F}

i.e., linear span is the collection of all possible linear combinations.

Remark. Hereafter in each example we will mention the vector space that is under
consideration at least once, therefore it will be clear in each discussion that which scalar
we are using. Thus instead of using the symbol spanp, we simply write span.

Consider again

a1121 + a12%2 + -+ + A1 Ty = by

2121 + A22T2 + - -+ + A2 Ty, = b

, (2.2.2)
Am1T1 + AGm2X2 + +++ + App Ty = b'm
a1l ai2 A1n b1
as1 a2z a2n b2
if we define a1 = - | ya = T I : and b = | . |, then the above
am1 am2 Amn b
system of linear equations can be neatly written as xia; + x2as + -+ + xpa, = b. The
solvability of the above equation is the same as whether or not b is in the span of a1, as, ..., a,
1 0 R3
Example 2.2.3. G|ven (1) —1
0 X
span +y|-1| i x,yeR} = x—y|:x,yeR
0 0
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Example 2.2.4. We know that M,>(R) is a real vector space, let

[t oo 12 -1 Ly [0 0
S o1 T e 1 BT o] M T 2

Is the vector b = [3 1] in the span of vi, 2, v3, v4? If so, do vy, 2, v3, v4 span b in a unique
way?

Let x1, x2, X3, x4 € R, the question is the same as asking if
X1V1 + XoVo + X33 + Xqv4 = b

is solvable and if the solution is unique. By expanding everything, the above equation is the
same as
X1 +x+x3=23

2X2—X3:1
X]_—X2—|-X3+X4:O

X1+X—x3—2x4 =3

Now we reduce it by doing row operations to the augmented matrix.

1 1 1 0 |3 1 1 1 0| 3
0 2 -1 0 |1 R—=R—-R |O 2 -1 0 1
1 -1 1 1 |0 R—oR—-R [0 =2 O 1 |-3
11 -1 -2|3 o 0 -2 -2|0
1 1 1 0] 3 11 1 0] 3
RR—Rs+R, [0 2 —1 0] 1 Ri—R+Rs [0 2 —1 0] 1
R—»—iR, |0 0 -1 1]-2 00 -1 1]-2
0 0 1 1]0 00 0 2|-2
We get (x1, x2, x3,x4) = (1,1,1, —1). Thus b is in the spanned of v;'s in a unique way.
2.3 Linear Independence
Definition 2.3.1. Let V be a vector space, a set of vectors {v1,va,...,v,} in V is said to
be linearly independent if
a1v1 +agva + -+ apvy, =0,04, €F = a1 =ay=---=a, =0.
Otherwise it is said to be linearly dependent, i.e., there are a1, as,...,a, € F, not all
zero, such that aiv; + agve + - -+ + apv, = 0.
Remark. We can also say vy, vs,...,v, are linearly independent. Linear independence is

needed when we want to make sure no v; can be dropped in order to span the vector space
span{vy, va, ..., v, } by using these v;’s

Theorem 2.3.2. Let V be a vector space and {v1,...,v} a linearly independent subset of
V', then:

(i) Every subset of {v1,...,vx} Is linearly independent.

(ii) If v € V' \ span{vy,...,v;}, then {v,v1,..., v} is linearly independent.
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2.3. Linear Independence

Proof. (i) Suppose {v; : ¢ € I} is a subset of {v1,..., v}, then

Zaﬂ}i =0 = Zaivi—l—zo-vi =0,

icl il igI
as v1,V9,...,V; are linearly independent, necessarily a; = 0, for all ¢ € I.
(ii) Let a1, as,...,ar, « € F be such that
ai1v1 + asvs + - - -+ apvr + av = 0.
If a # 0, then v € span{vy,...,v;}, a contradiction, hence & = 0. But then
a1v1 + agvy + -+ apvp =0
and {vy,...,vg} is linearly independent, thus a; = as = --- = a; = 0. |

Example 2.3.3. Let V be a vector space, if v, vo € V are linearly dependent, then one of them
must be a constant multiple of the other. This is because there are aj, a, € F, not all zero,

such that
aivi + axvp, = 0.
ince at least one of a;'s is nonzero, say a; , then vy = —22v,; otherwise if a» , then
S t least f 0, th jf th f 0, th
—_a
Vo = 2 V1.

Example 2.3.4. The vectors
(1,0,007, (0,1,00)" and (0,0,1)7

are linearly independent in R3. To prove this, let

1 0 0 dai
ar |0 +a |1 +a3 |0 = |a2| =0,
0 0 1 as

hence by entrywise comparison, a; = a = a3 = 0, so they are linearly independent.

Example 2.3.5. In[F" every set of n+1 vectors, say vq, vo, ..., Vpt1, must be linearly dependent.
It is because the homogeneous system

Xiv1 4+ Xovo + -+ Xpp1Vpp1 = 0

satisfies
n+ 1 = # of basic variables + # of free variables
< min{n, n+ 1} + # of free variables = n + # of free variables,
therefore # of free variables > 1, so (x1,x2,...,Xnp+1) = (0,0,...,0) is not the only solu-
tion, i.e., vq, ..., Vpy1 are linearly dependent.

Example 2.3.6. Are the vectors E}

HES!
. |5
6
suppose
1 4
x (2| +y |5
3 6
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then they are linearly independent iff (x, y, z) = (0, 0, 0) is the only solution. To check this,
let's do row operations on the coefficient matrix.

1 4 7 1 4 7 1 4 7
o 5 g| R2R=2R g 3 _g| F2R2R |y 3 g
3 6 9f RPRBR 10 6 12 0 0 0

Hence there will be at least one free variable, meaning that there are infinitely many solutions
to the homogeneous system, so (0, 0, 0) is not the only solution, and thus these vectors are
linearly dependent.

By finding the solution, we see that

Example 2.3.7. Let C(R) denote the vector space of continuous functions on R. We try to
show that {x, xe*, x2e*} is linearly independent in C(R).

Suppose there are a, b, ¢ € R such that
ax + bxe* + cx?e* =0, (2.3.8)

for all x € R. We will prove that necessarily a = b = ¢ = 0. Dividing x?¢* on both sides,

we have for every x # 0,

b
2 +—-+c=0,
X

xex

if we let x — oo, then ¢ = 0. Hence ([2.3.8) be comes
ax + bxe* = 0.

Again dividing both sides by xe* we have a/e* 4+ b = 0, if we taking x — oo, then b = 0.
Finally a = 0 from ([2.3.8]).

Alternatively we can use Wronskian that we usually learn in ODE course, see [Prob-]
for detail.

2.4 Vector Subspaces

Definition 2.4.1 (Vector Subspace). Let V be a vector space and W C V. W is said to be
a vector subspace, or simply subspace, of V if it satisfies the following;:

(i) 0 e W.
(i) v,veW = u+veW. (Closed Under Addition)
(iii) c eRveW = aveW. (Closed Under Scalar Multiplication)

Remark. Since W as a subset of V inherits addition and scalar multiplication from that of
V', hence loosely speaking:

W is a subspace of V. <= W 1is a vector space contained in V.
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2.4.1 Examples

As easily seen from definition, linear span has very good algebraic structure:

Theorem 2.4.2. Let V be a vector space, v1,vs,...,v, € V, then
Spa‘n{vlv ’UQa et 7'Un}

is a subspace of V.

Proof. We just need to check (i), (ii) and (iii) of [Definition 2.4.1]
(i) Ovy +0va+-+-+0v, =04+04---4+0=0 € span{vy, va,...,Vn}.

(ii) Let u,v € span{vy,ve,...,v,}, then there are aq,...,a, and by,...,b, such that
U= Z?:1 a;v; and v = Z?:l b;v;, thus

n

u+v= Z(ai + b;)v; € span{vy,va,...,v,}.
i=1

(iii) Define v =" | b;v;, for every o € F we have

n
aszabivi € span{vy, va, ..., Un}. O

i=1

Example 2.4.3. It is known that R" is a vector space. Let 1 < k < n, then

R x {(0,0,...,0)} := {(Xl,...,xk,O,...,O)T:xl,xz,...,XkER}
———

n — k entries

is a subspace of R".

Example 2.4.4. The collection of symmetric matrices of M, ,(R)
W= {A€ M, ,(R): AT = A}

is a subspace of the real vector space M,x,(R). To prove this, we need to verify (i), (ii)
and (iii) of Definition 2.4.1| when F = R.

Since 0" =0, 0 € W, (i) is satisfied.
Next, let A, B € W, then AT = A and BT = B, it follows that

(A+B) =AT + BT = A+ B,

thus W is closed under addition, (ii) is satisfied.

Finally, let « € R and A € W, then
(aA)T = aAT = aA,

so W is closed under scalar multiplication, (iii) is satisfied.
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Example 2.4.5. Let X and Y be two vector spaces. The Cartesian product
XxY ={(xy):xeX yeY}
becomes a vector space with the following addition and scalar multiplication:
e Addition: For (x1, 1), (x2,y2) € X X Y,
(x1.y1) + (%2, y2) i= (1 + %2, y1 + y2).
e Scalar Multiplication: For (x,y) € X x Y and a € F,

ax, y) = (ax, ay).

Hereafter the Cartesian product of any two vector spaces is assumed to have the

natural operations defined in that make it into a vector space.

2.4.2 Sums and Direct Sums

Let V be a vector space, a subspace U of V is said to be proper if U # V. It can be shown
that every vector space cannot be a union of two proper subspaces. So instead of studying
union, we focus on sum.

Theorem 2.4.6 (Sum and Intersection). Let V' be a vector space and U, W vector sub-
spaces of V', then both

U+W: ={ut+w:uelUweW} and UNW

are subspaces of V.

Proof. U+ W is a subset of V. To argue this, let € U + W, then x = u+ w for some
vweUand we W. But u,w € V, hence z = u+ w € V by definition of vector space’s
addition. We have proved the following implication

reU+W — zeV,

this implication is equivalent to saying U + W C V. Also U N W C V because both
UWCV.

To show U + W and U NW are subspaces of V, it remains to check (i), (ii) and

(iii) of [Definition 2.4.1| are satisfied.

(i) Since U, W are vector spaces, the additive identity 0 € U, W,s00=04+0€ U+ W
and 0 e UNW.

(ii) Let z,y € U + W, then z = u; + wy,y = ug + wy for some uj,us € U and
wy,wy € W, it follows that

T+ y=1u +w +u2+w2:(u1 +7.L2)+(7~U1 +w2)7

since U and W are closed under addition, u; + us € U and w; 4+ we € W, thus
r+yeU+W,ie., U+ W is closed under addition.

Likewise, let =,y € U N W, then there are uy,us € U and wy,ws € W such that
r=wu; =w; and Yy =uy = ws,

S0 x + vy = u; + up = wy +ws. Again since U and W are closed under addition,
z+y € UNW, meaning that U N W is closed under addition.
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2.4. Vector Subspaces

(iii) We leave the proof that U + W and U N W are closed under scalar multi-
plication as an exercise. This is as easy as (ii). O

Example 2.4.7. Let V be a vector space and Wy, Ws, ..., Wi C V subspaces of V, then
Wi+ Wot  +We={wi+wo+---+w:w, €W, i=12...k}
is a subspace of V. This is because by [Theorem 2.4.6) W) + W is a subspace of V, so is
(WL + Wh) + W3, s0is (Wy + Wo + W3)+ W, ..., s0is (Wy + -+ Wi_1) + W.
Example 2.4.8. We reconsider the set RK x {(0,...,0)"} CR" in Denote
e =(ay,a, ..., a,,)T,

where a; = 1 and j # i = a; = 0. For example, ¢, = (1,0,0,...,0)" and & =
(0,1,0,....0)7.

R* x {(0,...,0)T} is a subset of R". Since
R¥ x {(0,...,0)"} = span(e;) + span(e) + - - - + span(ex),

by [Example 2.4.7, R* x {(0,...,0)7} is a subspace of R". This also illustrates linear span

of a set of vectors is a subspace simply because they are sum of vector subspaces.

Given two subspaces U, W of a vector space V, U + W is a subspace of V by
Now every element in U 4+ V can be written as a sum of u € U and w € W,
the next question is: can every element in U + W be written as such a sum uniquely?

Definition 2.4.9. A vector space V is said to be the direct sum of subspaces U and W if
V=U+4+W and UNnW ={0}.
In this case we write V=U @ W.

Proposition 2.4.10. Let U and W be subspaces of a vector space V. Then the following
are equivalent:

HV=UsW

(ii) Each vector in V is a sum of au € U and a w € W uniquely.

Proof. (=). Assume V=U @ W. Let v € V, then v = u + w for some u € U and
weW.

Suppose v = v’ + w’ for some (possibly other) ' € U and w’ € W, we need to
show u = v’ and w = w'.

Sinceu+w=v=u +u',
u—u =w —weUNW =/{0},
hence u = v’ and w = w’, showing that the way of writing as a sum is unique.

(«=). Conversely, assume every element in V' can be written uniquely as a
sum of an element in U and an element in W, then this implies V C U+ W C V, so
V=U+W.
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It remains to show U NW = {0}, to do this, let v € U N W, then there are
u € U, w € W such that
v=u=w,

but then © — w =v —v = 0. Since U and W are vector spaces, 0 € U and 0 € W, so
u—w=0=0-0,

but by hypothesis each vector in V' is summed in a unique way, so u = 0 = w, thus
v = 0. In summary, the logic (v € UNW = v € {0}) says that U N W C {0}, but
UNW as a vector space contains 0, so U N W = {0}. O

Example 2.4.11. In the vector space R,
U= {(a,b,c,O,O)T ca,b,ceR and W= {(O,O,O,d,e)T :d, e e R}
sum up to give R5. It is obvious UNW = {0}, so RS = U & W.

2.5 Finite Dimensional Vector Spaces

Definition 2.5.1. A vector space V is said to be finite dimensional if there are finitely
many vectors vy, va,...,v, € V such that

V = span{vy,va,..., v}

A vector space that is not finite dimensional is said to be infinite dimensional.

Remark. For convenience we say a set V is finite dimensional if it is a vector space that is
finite dimensional.

Example 2.5.2 (Examples and Nonexamples).
(i) F" is finite dimensional because
F" = span{e;, e,..., €y},

where ¢;'s are defined in [Example 2.4.8
(ii) From above, it is also clear M ,(F) is finite dimensional.
(iii) Forn>1,

Po(F) ={> 1 paix' :a1,...,an € F} =span{l,x,x? ..., x"}

is finite dimensional.

(iv) The vector space of polynomials
P(F) := {polynomial over F} = [CJ P,(F)
n=0

is infinite dimensional. To see this, suppose P(F) is finite dimensional, then we can
find p1, p2, ..., pn € P(F) such that

]P)(IF) = Span{plr P2,y Pn}

Let N = max{degp; : i = 1,2,...,n}, then p € P(F) = degp < N, ie,
the maximal possible degree of polynomials P(FF) is bounded, this is impossible since
xN*t1 € P(F) but x & span{py, ..., Pn}.
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The same proof as in (iv) of [Example 2.5.2| shows that for any interval I C R,

P(R)|; := {p|r : p € P(R)} is also infinite dimensional. It is also natural to tell whether or
not C([0,1],R) is infinite dimensional. Since

O([O7 1]7R) 2 P(R)|[071]7

we can imagine C([0,1],R) contains a very “big” vector space, so C(]0,1],R) must also be
very “big”. Indeed C([0,1],R) is infinite dimensional, which follows quite trivially after

we make the “bigness” precise in Section [2.7] Still we will give a proof in

before we try to define the “size” of a vector space.

2.6 Bases

Definition 2.6.1. Let V be finite dimensional, a finite set {v1,...,v,} in V is said to be a
basis of V if:

(i) V = span{vy,va,...,vn}.

(ii) v1,va,...,v, are linearly independent.

In this text by basis we always mean a finite set, i.e., a collection of finitely many
vectors. Before giving examples, we give another useful characterization of bases which help
us to make sense of the concept coordinates in section [3.2.1

Theorem 2.6.2. Let V' be a vector space, then the following are equivalent:
(i) {v1,v2,...,v,} in V is a basis of V.
(ii) For every v € V there are unique ay,as,...,a, € F such that

V= a1V + agve + - + anvy,.
Proof. (i) = (ii) Let {v1,va,...,v,} be a basis of V| if there are ay,...,a, € F and

by,...,b, € F such that

n n

v = Z a;V; = Z bﬂ)i,

i=1 i=1
then > (a; — bj)v; = 0, but v1,..., v, are linearly independent, we have necessarily
a; —b; =0, for all ¢, i.e., a; = by,as = ba,...,a, = by,.

(ii) = (i) Let a1,aq,...,a, € F be such that ayvy + - -+ + apv, = 0, then
a1v1 + -+ apvy, =001 + -+ 4+ 0vy,

but then by (ii), we have a; = 0,a2 =0,...,a, =0. O

Example 2.6.3 (Some Bases).
() {1,x,x2,..., x"} is a basis of P,(F).
(ii) The collection
{elrezv"'ren}v (2.6.4)

as defined in of, spans F” and is linearly independent, thus it forms a
basis in F". Since this is the most natural choice of bases, (2.6.4) is called a standard
basis of F".
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(iii) In R3, if e, e, 3 are rotated by the same angles, they still form a basis in R3.

!
€3

e
Example 2.6.5. We find the dimension of the vector space

F := {real-valued function defined on {1,2,..., n}}.

In what follows we will construct a basis of F which has length n, thus dim F = n.

We define functions e, e,...,e, : {1,2,...,n} — {0,1} by: for each i =
1,2,..., n letje{l,2,..., n}, we define

i=1

i.e., as a function on {1,2, ..., n} we conclude that f = 27:1 f(i)e; € span{er, e, ..., €en},
hence F C span{ey, €,..., e,}. The reverse inclusion is obvious, so

F =span{er, €, ..., e},

showing that F is finite dimensional.

Not only that, {e, e,..., ey} is linearly independent. To see this , let a; € R be
such that
ae + aer+ -+ ape, =0.
Recall that the above equality means a equality of two functions on {1,2,..., n}. In partic-
ular, if we evaluate at i € {1,2,..., n}, then

alel(i) + azez(i) R anen(i) =0.
LHS of the above equation is a;, and this is true for each i = 1,2,..., n, hence
aa=a=---=a,=0.

So {ey, ..., en} is a basis of F.

Example 2.6.6. Let V, W be vector spaces, if V has a basis {vi,..., Vot and W has a basis
{w1, ..., wg}, what is the basis of V x W?

Here V x W is a vector space with the naturally defined addition and scalar mul-

tiplication given in
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Firstly we find a spanning set of V x W. For every (v,w) € V x W, there are
aj, b; € F such that

it follows that

The linearly independnce of {(v;,0), (0, w;) : i =1,2,...,n,j=1,2,..., k}is easily verified,
hence it is a basis of V x W.

Next we present three fundamental results regarding to bases of finite dimensional
vector spaces in [Theorem 2.6.7] [Theorem 2.6.8] and [Theorem 2.6.9 They will provide us a
base to build the concept of dimensional in the next section.

Theorem 2.6.7. Let V be finite dimensional. Every (finite) set of vectors that spans V' can
be reduced into a basis of

Proof. Let {vi,...,v,} be a spanning set of V. We may assume v; # 0 for all 4,
otherwise delete it in the list. Let a = {v1,va,...,v,}.

Step 1
If vy € span{v; }, delete this in a.
Else if vy ¢ span{v; }, then leave o unchanged.

Step 2
If vz € span{vy, va}, delete this in a.
Else if v ¢ span{vy, v2}, leave o unchanged.

Step j
If vj41 € span{vi, va,...,v;}, delete this in a.
Else if vj41 & span{vi, va,...,v,}, leave @ unchanged.

After the step 7 = n — 1, the process terminates. The resulting list o/ spans V' because
we have only discarded vectors that is in the span of the previous ones. Also since each
later vector (in terms of index) in o’ is not in the span of vectors preceding it, so o’ is
linearly independent. O

Theorem 2.6.8. Every finite dimensional vector space has a basis.

Proof. V being finite dimensional can be spanned by finitely many vectors in V. Then

by we can reduce this spanning set of V' into a basis. O

Theorem 2.6.9. Let V' be finite dimensional. Every linearly independent set in V' can be
extended to a basis in V.

(*) It is a finite set by our definition.
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Proof. Let {v1,...,v;} be linearly independent in V and let 8 = {b1,...,b,} be a basis

of V' (exists by |Theorem 2.6.8). If {v1,..., v} is already a basis of V, then we are done.

Suppose now {vy, ..., v} is not a basis of V.

Step 1
Since by, . . ., by, vy are linearly dependent, there is b; € span({by, ..., b,,v1}\{b:}).
Discard this b; from S to get 51, then 8; U{wv1} is a basis of V since vy € span f3;.

Step 2
B1 U {v1,v2} is linearly dependent, there is b; € (31 such that b; € span(8; U
{v1,v2} \ {b:}), we can discard this b; from (1 to get B2, then S U {v1,v9} is a
basis of V since vy & span(Bz U {v1}).

Step j

Since f;—1 U{v1,v2,...,v;} is linearly dependent, we can discard one of b;’s from
Bj—1 to get B; such that 8; U {vi,ve,...,v;} is a basis of V.

If in one of the steps j = 1,2,...,k—1, b;’s all disappear in the resulting basis,
then {v1,...,v;} will be a basis of V, a contradiction. Hence the process can continue
and stop when j =k, and

6k U {1}1,112,. . .,Uk}
is a basis of V', where ) # 35, C .

In fact we have proved a more refined statement:

Let {b1,...,b,} be a basis of V. Ewvery linearly independent set in V that
18 not a basis can be extended to a basis in V' that has cardinality n.

We will directly use this result in the next proof. 0

Remark. Extending a given set of linearly independent vectors to a basis of a vector space
is a very basic technique in linear algebra. Later this will be our fundamental technique to
prove various results concerning “dimension”.

Corollary 2.6.10. Let V' be finite dimensional and {by,bs,...,b,} its basis. Any linearly
independent set {vy,va, ..., vt} in V must satisfy k < n.

Proof. If o = {vy,...,v} is not a basis, by the last paragraph in the proof of
we can extend « to a basis of V' with length n. Thus k < n.

On the other hand, if {vy,...,vx} is a basis of V, then {vy,...,vk_1} cannot
be a basis, and the previous paragraph shows us k — 1 < n, i.e.,
(k—1)+1<n < k<n. O

Proposition 2.6.11. Let V' be a finite dimensional vector space, then every vector subspace
W of V must be finite dimensional.

Proof. By [Theorem 2.6.8] V has a basis {vi,va,...,v5}.

If W = {0}, then we are done. If W # {0}, then we can take w; € W\ {0}. If
W = span{w; }, then we are done, otherwise we can take wy ¢ \ span{w; }. This process
can be continued to obtain a linearly independent set {wy,ws, ..., w;}.
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By [Corollary 2.6.10} j < n, hence the process must terminate at some step
7 <mn,and

W = span{wi, ws, ..., w;},

i.e., W is finite dimensional. (|

We can now explain why C([0, 1], R) is infinite dimensional.

Example 2.6.12. Since P(R)|jqj is a subspace of C([0,1],R), if C([0,1],R) is finite dimen-
sional, so is P(R)]jo,1] by [Proposition 2.6.11} a contradiction. Hence C([0, 1], R) must be
infinite dimensional.

2.7 Dimension

The dimension of a finite dimensional vector space can be defined due to the following result:

Theorem 2.7.1. Any two bases of a finite dimensional vector space have the same length
(i.e., cardinality).

Proof. Let a and 5 be two bases, then by [Corollary 2.6.10] since « is a basis, 3 is
linearly independent, |3| < |a|. Similarly, 8 is a basis and « is linearly independent,
thus |a| < |8, it follows that |a| = |3]. O

Definition 2.7.2. Let V be finite dimensional. If V' # {0}, we defined the dimension of V,
denoted by dim V', to be the length of any basis in V. If V = {0}, we define dim V' = 0.

Several remarks are in order:
e Given a finite dimensional vector space V, we have dimV =0 <= V = {0}.
e A vector space V is finite dimensional if and only if dim V' < oo.
o If {v1,va,...,v,} is linearly independent, then

dim (span{vy, va,...,vn}) = n.

Example 2.7.3.
(i) dim{0} =0, this is by definition.

(i) dimF"” = n since it has the standard basis {e;, e, ..., en} which has length n.

(iii) dim Mp,(IF) = mn since it has the standard basis E;j, where for i =1,2,..., m and
j=1,2,....n
1 0 --- 0 o1 --- 0 0 0 0
0o 0 --- 0 00 --- 0 0 0 0
En=1. . . B2, . | Em= :
o0 --- 0 00 --- 0 0 0 1

Namely, Enx = [ajj]lmxn, Where ape = 1 and aj; = 0 when (i, j) # (h, k).
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(iv) dimP,(F) = n + 1 since the basis {1, x,x?,...,x"} has length n+ 1.
(v) dimF = n, where F is defined in [Example 2.6.5| with basis e, e, ..., €,.

Theorem 2.7.4. Let V be a vector space.
(i) Every subspace U of V satisfies dimU < dim V.
If further V is finite dimensional, then:
(ii) Every set of vectors that spans V' with length dim V' is a basis of V.

(iii) Every linearly independent set of vectors in V' with length dim V' is a basis of V.

Proof. (i) If dimV = oo, then the inequality is trivial. Let’s assume dimV < oc.
By [Proposition 2.6.11] U is also finite dimensional, by U has a basis
a = {uy,us,...,ur}, by [Theorem 2.6.9| we can extend « to o a basis of V', then

dimU = |a| < || = dim V.

(ii) Let n = dimV and {v1,va,...,v,} spans V. If {v1,ve,...,v,} is linearly
dependent, then there is v; such that

V = span{vy,va,...,v,} = span({v1,va, ..., v} \ {vi}),
but then by (i),
n =dimV = dim (span({vi,va,..., v} \ {v;})) <n—1,
where the last inequality follows from a contradiction.
(iii) Let n = dim V and {vy,vs,...,v,} a linearly independent set. If

Spal’l{Ul,UQ, cee 7Un} 7& Va

then we can find a v & span{vy, va,...,v,}, so {v,v1,va,...,v,} is linearly independent
by (ii) of [Theorem 2.3.2

However, since {v,v1,v9,...,v,} is a basis of span{v,vy,vs,...,v,} C V, (i)
implies

n+ 1 =dim (span{v,vi,vs,...,v,}) <V =n,

a contradiction. |

Example 2.7.5. Reconsider (iv) ofExample 2.5.2} We can show that P(F) is infinite dimensional
by using (i) of [Theorem 2.7.4]

Indeed, since P(F) = |J)2,; Pa(F), it follows that for each n € N,

P(F) D Po(F) = dimP(F) > dimP,(F) = n+ 1.

Let n — oo, dimP(F) = cc.

Example 2.7.6. The vector space F*® := {(x1,x,...) : x1,x,--- € F} is not finite dimen-
sional. To see this, for each n € N we let

Vo ={(x1, %2, ..., %2,0,0,...) : x1, %2, ..., %, € F},
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V), is a subspace of F*°. By (i) of [Theorem 2.7.4

(why?)

dimF* > dim V,

n,

by letting n — oo, we have dimF>° = co.

Example 2.7.7. Suppose that V is finite dimensional and U is a subspace of V. If dimU =
dim V/, then necessarily U = V.

To prove this, let {u1, up, ..., u,} be a basis of U, then n = dim U = dim V. By
hypothesis U C V/, we try to show that V C U = span{uy, ua, ..., u,}, therefore V = U.

Suppose not, i.e., there is v € V such that v # 0 and v & span{uy, u, ..., un},
then

span{uy, Uy, . . ., up, vk CV.

Since {uy, up, ..., u, v} is linearly independent in V (by [Theorem 2.3.2)), it is a basis of
span{uy, ..., Uy, v}, it follows that by (i) of Theorem 2.7.4]

n+1=dm (span{ul, us, ..., Up, v}) <dimV = n,

a contradiction! We conclude V C U, as desired.

Example 2.7.8. Let V and W be finite dimensional, we show that

dimV x W =dimV 4+ dim W.

Indeed, let {vy,..., v,} be a basis of V and {wy,..., wx} a basis of W, then by
is a basis of V x W, hence
dim(V+ W)=n+k=dimV +dimW.
The structure of a vector V space can be simplified by writing it as a direct sum
V = U @& W. One can see that the Cartesian product U x W looks very similar to the

decomposition U @ W, one similarity is that every element in U x W can be written uniquely
as (u,w), while every element in U@® W can be written uniquely as u+w. Another similarity

(compared to [Example 2.7.8]) is the following:

Proposition 2.7.9. Let V be finite dimensional and U, W be subspaces such that V = UGW,,
then

dim(U W) = dimU + dim W.

Therefore U & W is usually called the internal direct sum and U x W is usually
called the external direct sum as they are indeed the same algebraically.

Proof. Let {uy,...,uy,} be a basis of U and {wy,...,w,} a basis of W, then
a={ur,. .., U, Wi,..., w5}
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spans U @ W. Since U N W = {0}, the set « is linearly independent because

n

=1 =1 =1

i=1
— a1 =ay=-"-=an=b=by=---=0b, =0.
Hence « is a basis of U & W, thus
dim(UeW)=m+n=dimU + dimW. O

Example 2.7.10. Let V be finite dimensional and U, W subspaces of V. If dim U 4+ dim W >
dim V/, then the intersection UN W is nontrivia e, UN W # {0}.

To prove this, let's for the sake of contradiction suppose that UN W = {0}. Then
the sum U + W is actually a direct sum U @ W, which is a subspace of V. Hence from
hypothesis, (i) of [Theorem 2.7.4| and [Proposition 2.7.9) we have

dimV <dim U +dim W =dim(U & W) <dim V,

a contradiction.

We have several results above which involve the dimension of the vector space U+V,
in fact we can relate dim(U + V) with dimU,dim V' and dimU NV

Theorem 2.7.11. Let U and W be subspaces of a finite dimensional vector space V', then

dim(U + W) =dimU + dim W — dim(U N W).

As a general rule, whenever we are asked to prove the relation between various
dimensions, the most natural attempt is to count the basis.

Proof. If one of U and W is zero vector space, then we are done. From now on we
exclude this trivial case.

Case 1. If UNnW = {0}, namely, U+ W = U & W, we are done by
fion 2.7.91

Case 2. Assume UNW # {0}.
Case 2.1. If U C W or W C U, then we are also done.

Case 2.2. Assume U € W and W € U. We let {vy,v2,..., v} be a basis of of
UNW; by [Theorem 2.6.9|we can extend the set to a basis of U, {v1,..., 0k, U1,..., Un};

On the other hand, we can also extend the set to a basis of W, {vy,..., vk, w1y, ..., w,}.

S UAWAUUW

U
ULy onyUm \

unw
Viy...,Vk
| w

Wi,y -..,Wn

() A subspace of V is said to be trivial if it is {0}, as it is too simple.
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Obviously U + W = span{vy, ..., Uk, U1, ..., Um, W1, ..., Wy}, we wish
{V1, 0y Uk, ULy oy U, Wy e W}

could be linearly independent. To prove this, let a;, b;, c; € F be such that

k m n
Z a;v; + Z byu; + Z ciw; =0, (2712)
=1 =1 =1

then

m

m k
iciwi = —(Zaivi + me,) e UNW = span{vy,..., v}
i=1 i=1 i=1

Since vy, ..., v, w1, ..., w, are linearly independent, ¢; = 0, for all 7. (2.7.12]) becomes

k m
Z a;v; + Z bju; = 0,
i=1 i=1

again, uq,...Um,v1,. ..,V are linearly independent, hence all a; = 0 and all b; = 0.
Conclusion: {v1,...,05,U1,. ., Un,W1,...,w,} is a basis of U + W. Finally,
dm(U+W)=k+m+n

=k+m)+(k+n)—k
=dimU + dim W — dim(U N W). O

2.8 Subspaces of F”

2.8.1 Null Spaces, Column Spaces and Row Spaces

Now we return to subspaces of F".

Definition 2.8.1. Given a matrix A € M,,x,(F), we define

NulA={z eF": Az =0}, ColA={Ax:zecF"},

called null space of A and column space of A respectively. Also, we define the row
space of A by

Row A = Col AT.

Remark. Due to linearity of A € M,,«,(F) (Corollary 1.2.7)), Nul A, Col A and Row A are
subspaces of F", F" and F" respectively. Note that

Col A = image of A.

Hence A is surjective if and only if Col A = F™.

Example 2.8.2. Let A € Mp,«,(F), it can be shown that

Alis injective <= NulA= {0} < (Ax=0 = x=0).
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We just prove the first two are equivalent since the last two are somewhat a restatement of
definition.

(=). Assume A is injective. Let x € Nul A, then Ax = 0, but A0 = 0, hence
Ax = AD, injectivity of A forces x = 0, so x € {0}. The implication says that Nul A C {0},
thus Nul A = {0}.

(<=). Assume Nul A = {0}, let x,y € F" such that Ax = Ay, then A(x —y) =0,
so x —y € NulA= {0}, i.e., x = y. We conclude A is injective.

Example 2.8.3. Let

A= S M3><3(R).

A W=
1NN
= W

Loosely speaking, Col A is the space spanned by columns and Row A is the space spanned
by rows. Thus by definition,

X 1 2 3
ColA=<CA|y| :x,y,z€R } =span 31,121, 11
z 4 5 6
Also,
X 1 3 4
RowA = Col AT = { AT y| :x,y,z€R 3 =span 21,12, 15
z 3 1 6

Example 2.8.4 (Dimension of Nul A). We try to compute dim Nul A, where

1 2 -2 3
A=12 4 -3 4| ¢ M3><4(R).
5 10 -8 11

To count dimension, we first find a basis of Nul A. Let x € Nul A, since

1 2 -2 3 120 -1
2 4 -3 4|—>...00 01 -2,
5 10 -8 11 000 0

the system Ax = 0 is equivalent to

x1+2x —x4 =0
x3 —2x4 =0 '

Here x, and x; are free variables, we let x, = s and x4 = t, then x; = t — 25 and x3 = 2t,

hence
t—2s -2 1 -2 1
s 1 0 1 0
Nul A = ot =s 0 +t 5 :s,t €R » =span ol 12
t 0 1 0 1
-2 1
Since { 5 } and [g] are linearly independent, we conclude dim Nul A = .
0 1

48



2.8. Subspaces of F"

To find a basis of Col A, we use the row operation technique:

Theorem 2.8.5. Let A € M, »n(F) be reduced to row echelon form R and A = (a1 -+ Gn],aq; €
F™. Ifi1,12,...,ixth columns of R are pivot columns, then
{ail,ah, .o ,aik}

is a basis of Col A.

Proof. We let E be the product of elementary matrices such that FA = R. Since

i1,%2,...,ixth columns (with iy < is < --- < i) of EA are pivotal, then
Eail = €1, EaiZ = €2,... ,Eaik = €k-
It is easy to see that a;,,...,a;, are linearly independent. Now we show that every

column in A is in the span of {a;; : j = 1,2,...,k}. Indeed, for p =1,2,...,n,

k k i
Fa, = Z bjej = Z banij = a, = Z bjaij-
j=1 =

j=1
Since each columns of A is in the span of {a;; : j = 1,2,...,k}, thus
Col A = span{a;; : j = 1,2,...,k}. a

Example 2.8.6 (Dimension of Col A). We try to compute dim Col A, where

1 2 -2 3
A=12 4 -3 4 EM3><4(R).
5 10 -8 11
From p 3
1 2 -2 3 1 2 0 -1
2 4 -3 4| - -0 0 1 -2/,
5 10 -8 11 00 0 O

since the first and the third columns of the reduced echelon form are pivotal, {é] and [

form a basis of Col A, we have dim Col A = .

OWN
[ S

Finally, what is dim Row A = dim Col AT?

Theorem 2.8.7. Let A € My, xn(F), then
dim Col A = dim Col AT .
—_———  —]

column rank row rank

Proof. Let E be an elementary matrix such that FA is in reduced row echelon form
and assume that 41,49, ...,9th columns (i1 < iz < --- < i) of FA are pivotal, then by
dim Col A = k. On the other hand, (EA)T = ATET and Col(ATET) =
Col(AT), so
dim Col AT = dim Col(AT E™) = dim Col(EA)T.

Since F'A is the reduced row echelon form of A, only the first k& rows are nonzero, hence
Col(EA)T is spanned by first k columns of (EA)” which are linearly independent, thus
dim Col AT = k. |
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Chapter 2. Vector Spaces

Definition 2.8.8. For any matrix A, we define the rank of A to be

rank A = dim Col A.

Now [Theorem 2.8.7| can be rephrased as rank A = rank A7

Definition 2.8.9. A matrix A € M,,x,(FF) is said to be of full rank if
rank A = min{m,n}.

In other words, it has the maximum possible rank among matrices in M, x, (F).

2.8.2 Rank-Nullity Theorem

The computational |[Example 2.8.4] and |[Example 2.8.6| provide us the evidence that

’ # of free variables ‘ =dimNulA and ’ # of pivot columns | = dim Col A,

in fact we have:

Theorem 2.8.10 (Rank-Nullity). If A € M, (F), then

n = dim Nul A + dim Col A. (%)

Proof. Note that NulA C F"™ and ColA C F™. If dimNul A = n, then we are done
since in this case by Nul A = F", then Az = 0 for each z € F™ and thus
Col A = {0}, hence (x) is true.

Suppose dimNul A = k < n. Let {uy, ua, ..., ux} be a basis of Nul A, we extend
it to
{U1, ooy Uy Upg 1y - U }

a basis of F", we show that Col A = span{Aug1,...,Au,}. Indeed, for every x € F™,
there are a; € IF such that x = 2?21 a;u;, it follows that

n

Az =A (Z aiui> = Z a;Au; = Z a;Au; € span{Augi1,..., Atun},
i=1 i=1

i=k+1

thus Col A C span{Augy1,...,Auy}, as the reverse inclusion is obvious, thus the set
equality is proved.

Finally we check that {Aug1, ..., Au,} is linearly independent. Suppose there

arebyy1,...,bn € Fsuchthat 31", bjAu; =0, then ) 7", | bju; € Nul A = span{uy, us, ...

But uq,us,...,u, are linearly independent, hence necessarily bg41,...,b, = 0, as de-
sired. Thus dim Col A = n — k, and therefore

dimNul A+ dimColA =k + (n — k) = n. O

Corollary 2.8.11. Let A be a square matrix, then the following are equivalent:
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2.8. Subspaces of F"

(i) A is injective. (ii) A is surjective. (iii) A is invertible.

Now we are going to prove the chain
(i) = (1) = (i) = (iii).

Proof. (iii) = (i) Since A is invertible <= A is 1 — 1 and onto, hence (i) follows.

(i) = (ii) Assume A is injective, then equivalently, NulA = {0}, hence by
rank-nullity theorem,
n =0+ dimCol A,

hence dim Col A = n and Col A C F", by [Example 2.7.7} Col A = F", showing that A is

surjective.

(ii) = (iii) Assume A is surjective, then Col A = F™, by rank-nullity theorem
again,

n = dim Nul A + dim Col A = dim Nul A + n,

and thus dimNul A = 0, i.e., Nul A = {0}, so A is injective. Together with assumption
(ii), A is invertible, thus (iii) follows. O

Example 2.8.12. Let A € My, 4(R) be such that
Nul A = {(Xl,XQ,X3,X4)T €R*: x; =5x and x3 = x4},

we try to show that A is surjective as a map from R* to R2. Recall that A is sujective iff
Col A =R?.

Firstly we count the dimension of Nul A, for this, note that

5X2 5 0
x €NulA <— x= o2 dxo, x4 E R <= x € span L 0
Txa |’ ' 0 7
X4 0 1

hence dim Nul A = 2. Applying rank-nullity theorem to A, we have
4 = dimNul A+ dimColA =2+ dim Col A,

hence dim Col A = 2. As Col A is a subspace of R?, Col A =R? by [Example 2.7.7
Example 2.8.13. Let S € M, ,(R) be skew-symmetric (i.e., ST = —S), we try to show that
| + S is invertible.
Since | + S is square, by [Corollary 2.8.11] we have
I + S is invertible <= [+ S is injective <= ((/+S)x =0 = x =0).

Now we try to show the last statement.

Let (/ + S)x =0, then Sx = —x. Define (a, b) = a- b, where a,b € R" and a- b
means the dot product between a and b. For x € R”, recall that ||x||?> = (x, x), and also for
any n x n matrix A,

(Ax,y) = (Ax)Ty =xT(ATy) = (x,ATy), x,y €R"
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hence
[x|I> = (x,x) = (=Sx, x) = —(Sx, x) (2.8.14)

and
(Sx,x) = (x,STx) = (x,(=S)x) = —(x, Sx) = —(Sx, x),

hence 2(5x,x) = 0, i.e., (5x,x) = 0. Continuing from (2.8.14), ||x]| = 0, so x = 0, as
desired. We conclude that / + S is injective, hence invertible.

2.8.3 Some Remarks on “Full Rank”

Let A be an m X n matrix.

e When A is thin (i.e., m > n), by rank-nullity theorem, dim Col A = n—dim Nul A < n,
hence maximum possible rank is attained when dimNul A = 0, i.e., A is injective.
Hence

‘A thin matrix A is of full rank <= A is 1-1. ‘

e When A is strictly fat (i.e., m < n), then A (as a map F* — F™) can never be
injective, the argument above fails. Note that Col A is a subspace of F, so the
maximum possible rank is m, namely, this happens when A is surjective. Thus

‘A strictly fat matrix A is of full rank <= A is onto. ‘

2.9 Quotient Vector Spaces

2.9.1 Equivalence Relation
Definition 2.9.1. An equivalence relation, ~, on a set S is a binary relation that satisfies
the following three conditions:

Reflexive
Forallz € S, z ~ .

Symmetric
For z,y € S, if x ~ y, then y ~ x.

Transitive
For z,y,z€ S,if x ~y, y ~ 2z, then z ~ 2.

Example 2.9.2. It is easy to find equivalence relation. For example, for the set of straight lines
in R? “being parallel” is an equivalence relation. In a high school, “being in the same class”
is an equivalence relation on pupil. “Being of the same sex" is an equivalence relation on
human, normally.

For x € S, we introduce the equivalence class
[z] ={se€S:s~uz}
Also we denote S/~ the collection of all equivalence classes, namely,
S/~ ={lsl:s €S},

which is read as the “set S modulo ~”. It is easy to establish the following basic fact:
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Proposition 2.9.3. Let ~ be an equivalence relation on a set S, then:

a~b < [a] = [b] < [a]N[b] #0.

Therefore every element in a class [s] is called a representative of [s], this is
because for every u € [s], we have u ~ s, hence [u] = [s], all of them will represent the same
class.

Proof. If a ~ b, we let x € [a], then z ~ a. But a ~ b, so by transitivity,  ~ b, hence
x € [b]. The argument says that [a] C [b]. By interchanging a,b, [b] C [al, so [a] = [b].

If [a] = [b], then of course [a] N [b] # 0.

If [a] N [b] # 0, then we can pick = € [a] N [b], which means that z ~ a (by
“symmetricity”, a ~ x) and x ~ b. By transitivity, a ~ b. a

Hence an equivalence relation ~ can be used to partition S because distinct classes
have empty intersection (Proposition 2.9.3)), moreover,

5=l = [ lsl.

ses acA

where we choose s,’s € S the representative of the distinct classes [s,]’s. Note that the
feasibility of choosing those representatives follows from Axiom of Choic The repre-
sentative of a class may not be unique as we can choose (if exists) a uq € [Sa] \ {Sa} such
that u, ~ s, and thus [u,] = [sq]. Note that it is natural to fix the representatives to avoid
listing the same equivalence class.

For those who have had acquaintance with group or number theory the following
example can be skipped.

Example 2.9.4. Let a, b € Z, we can declare a relation ~ on Z by

a~bifa—be2Z:={2n:nelZ}.

For reflexivity, if a € Z, then a —a =0 € 2Z.
For symmetricity, if a — b € 2Z, then b — a € —27 = 27.
For transitivity, if a— b € 2Z,b—c € 2Z, then a—c=(a— b) + (b— ¢c) € 2Z.
Let's compute [a] when a € Z. By definition [a] = {n € Z : n ~ a}, so
la| ={n€Z:n—a=2i3JieZ}= U{néZ:n—a:2i}: U{a+2i}:a+2Z.
i€Z i€Z

Moreover by noting that [a] = a4+ 2Z = a — 2+ 2Z = [a — 2], it can be easily checked that

Z/~=A{[n] : n € Z} = {[0], [1]} = {{even integers}, {odd integers}}.

(1) Axiom of Choice is proved equivalent to Zorn’s lemma in set theory.
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2.9.2 Vector Spaces by Quotienting
Construction of Quotient Vector Spaces

With the concept of quotient spaces one can give another proof of
dim(U+4+V)=dimU +dimV — dim(U NV)

(Theorem 2.7.11}) without the messy checking on the number of basis. Let’s start with the

construction.

Let V be a vector space and U a vector subspace of V, it can be checked that for
x,y € V, the relation z ~ y defined by

r—yelU
is indeed an equivalence relation on the set V. For x € V,
[z]={veV:iv~z}={veV:iv—zecU}={veV:ivex+U}=ax+U.
Conventionally we denote
VIU =V/~={p]:veV}={v+U:veV},

read as “V mod U”. Tt is worth noting that V/U is still a vector space (hence called a
quotient vector space) with the naturally defined addition

(z+U)+(y+U)=(z+y)+U

and scalar multiplication
alzr+U)=ax+U.

It is easy to check that these definitions are well-defined. Namely, the definition of these
operations are independent of the choices of representatives. Moreover, the zero element
in V/U is the class Oy,y = [0]. We shall denote this zero element in V/U also by 0. For
x+ U € V/U, we observe that

z+U=0 <<= [2]=[0] <= 2~0 < 2-0€U < zeU. (2.9.5)

Hence the representatives of zero element in V/U are precisely every element in U.

Properties of Quotient Vector Spaces

Let’s look at the first result:

Theorem 2.9.6. Let X be a finite dimensional vector space and Y its subspace, then

dim(X/Y) =dim X —dimY.

Proof. Let’s consider two extreme cases. If dimY = 0, ie., Y = {0}, and hence
X = X/{0}, so we are done. If dimY = dim X, then ¥ = X, and thus X/Y = {0},
therefore

dim(X/Y)=0=dimX —dimY,

we are also done.
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Suppose now 0 < dimY = m < dim X. Let {v1,vs,...,v,,} be a basis of Y,
extend it to {v1,...,Um, U1, .., Uy} & basis of X, then it is not hard to check

X/Y =span{u +Y,...,u, + Y}

=

due to (2.9.5). We show that « is linearly independent, thus is a basis of X/Y. Let

a; € F be such that
Zazul—i—Y (Zam)—i—Y—O

then by (2.9.5), Y.i, au; € Y = span{vy,..., v}, but vi,...,vm,u1,...,u, are lin-
early independent, hence necessarily aq,as,...,a, = 0, as desired. Now « is a basis of
X/Y, therefore

dim(X/Y)=n=(Mn+m)—m=dimX —dimY. O

Recall that given two vector subspaces X,Y, the set X +Y and X NY are still
vector spaces. Now we have the following:

Theorem 2.9.7. Let X and Y be vector subspaces of some vector space, then

X+Yy X o Y
XNnY XnY XnY’

Here % is another notation for U/V .

Proof. Obviously

X+Y X n Y

XNy XnY XnY’
To show the sum is actually a direct sum, we let u € ngy N X}éy, and prove u = 0.
Indeed,

u=z+XNY=y+XNY,
for some x € X,y € Y. It follows that z —y € X NY, thus there is v € X NY such that

r—y=v = x=v+yeY.

But z € X,;sox € XNY, and hence u=x+ X NY =0 by (2.9.5). O
We are ready to give a simpler proof to It is good to have two

different proofs to an interesting result.

Corollary 2.9.8. Let U and V be two finite dimensional subspaces of some vector space,

then
dim(U + V) =dimU 4+ dimV — dim(U NV). (2.9.9)

Proof. By [Theorem 2.9.7 and [Proposition 2.7.9|

U+V—dim + dim
unv unv unv’

dim
By
dim(U 4+ V) — dim@TFAV) = dim U — dim@FAV) + dim V — dim(U N'V). O
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Quotient is an important concept in almost everywhere. You will learn a much
general concept in MATH3121 (Algebra I) or 3131 (Honors in Linear and Abstract Algebra
IT). For analytical aspect, one will learn this in MATH4063 (Functional Analysis) which is a
good course for those who already have good background on real analysis (MATH3043) and
general point-set topology (MATH4061 Modern Analysis & MATH4225 Topology). Some
of them (a set modulo some equivalence relation) even have smooth structure as a smooth
manifold which we will learn in MATH4033 (Calculus on Manifold).

2.10 Exercises

Linear Span
Problem 2.1. Let H, K be subsets of a vector space V, prove that

span(H U K) = span H +span K and span(H N K) C span H Nspan K.

Problem 2.2. Let A, B € M, «»(R) such that A is nonzero symmetric matrix and B is a
nonzero skew-symmetric matrix, show that {A, B} is linearly independent in M, «,(R).

Problem 2.3. Let A € M,,x,(R), if A= B+ C = B+ (', where B, B’ are symmetric
and C,C’ are skew symmetric, then B = B’ and C = C’. Recall [Example 2.4.4

Linear Independence

Problem 2.4. Prove that if {vy,vs,...,v,} is linearly independent in V, then so is
{’Ul —V2,V2 —V3,...,Un—-1 — vnyvn}-
Problem 2.5. Let V be a vector space. Suppose {v1,va,...,v,} is linearly independent

in V and w € V. Prove that
{v1 + w,v9 +w,...,v, +w} is linearly dependent = w € span{vy, va,...,v,}.

Problem 2.6. Let ay, s, ..., a, be distinct real numbers, show that {e®1? et .. evnt}
is linearly independent in C(R,R).

Problem 2.7. Let A € M, «»(R). Suppose there is a positive integer m such that
A™=1y £ 0 but A™v = 0. Prove that

{v, Av, A%,..., A"t}

is linearly independent.

Problem 2.8 (Wronskian). Let fi, fo,..., f» : R = R be n — 1 differentiable, define

W(f1,..., fn)(x) as in [Problem 1.13] Show that if W(xzg) # 0, for some xg, then
{f1, f2,- .., fn} is linearly independent.
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Problem 2.9. Let f1, fo,..., fn € C([a,b],R). Show that the set {f1, fo,..., fn} is
linearly dependent in C([a, b],R) if and only if

det[(fi» fj>]n><n =0.

Where (-, ) is defined by (f,g) = /b f(x)g(x) dx.

Sums and Direct Sums
Problem 2.10. We have defined the trace of a square matrix in Show

that W := {A € Myxn(R) : TrA = 0} is a subspace of M, «,(R). Moreover, find a
subspace V' of M,,«,(R) such that

Myxn(R)=Wea V.

Vector Spaces and Bases

Problem 2.11. Prove that (vi), (vii) and (viii) of |[Example 2.5.2 are (a) vector spaces

with suitably defined addition and scalar multiplication; and (b) infinite dimensional.

Hint. The idea used in may be helpful.

Problem 2.12. Let vy, vy, v3 € R3, suppose the vector equation
T1Vg + Tovg + X33 = b

has no solution for some b € R?, show that {vq,vq,v3} is linearly dependent.

Hint. Use [Theorem 2.7.41
Dimensions
Problem 2.13. Let A be any real matrix, prove that I + AT A is invertible.
Problem 2.14. Let
om0 AL T
find a basis of W and dim W.

Problem 2.15. Fix a vector v € R™\ {0} and let U = {A € M,,x»(R) : Av =0}. Show
that dimU = n(n — 1).

Remark. U is the vector space of matrices that “kill” the vector v ©.

Problem 2.16 (Generalize [Problem 2.15). Let P € M, ., (R) be such that rank P = 7.
Show that

dim ({A € Mpxn(R) : AP = 0}) =n(n—r).
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Chapter 2. Vector Spaces

Remark. The vector space (whose dimension is to be computed) is the set of all matrices
that “kill” the matrix P ©.

Problem 2.17. Let V be the vector space of all 2 x 2 matrices A € May2(R) such that
1 1 2 0
Al 1= o
(a) Find a basis of V' and determine dim V.

(b) Find the dimension of the image of T : Mayx2(R) — Max2(R) defined by

1 1 2 0
T(A) = A [1 J — {0 0] A, for each A € My 2 (R).

Problem 2.18. Let S = {AB — BA: A,B € M,x,(R)}. This is an infinite subset of
the vector space of n x n matrices. We define

spanS :={ai1s1+ -+ ansn 1 a; €R,s;, € S;n > 1}.
Namely, span S is the collection of all finite linear combinations of S.
(a) Show that span.S defined above is indeed a real vector space.

(b) Because span S is a subspace of M, x,(R), it is finite dimensional. Show that
precisely,
dim(span S) = n? — 1.

Hint. The trace map Tr : M, ,(R) — R is linear, and spanS C ker Tr. Moreover,
we know that dimker Tr = n? — 1, where ker Tr = {A € M,y ,(R) : Tr A = 0}.

Problem 2.19. Let A, B € M, x»(F), show that

rank(A + B) < rank A + rank B.

Problem 2.20. Let A € M,,xx(F) and B € My« (F), then AB € M,,«,(F), prove that

dim Nul AB < dim Nul A + dim Nul B.
Problem 2.21. Let A € M,,«,(R), prove that rank AT A = rank A.

Problem 2.22. Raise a counter example to show that

dim(U 4V +W)=dimU + dimV + dim W
~dimUNV) = dim(V AW) — dim(W N U)
+dim(UNVNW)

can be false for some subspace U,V , W of a real vector space.
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Chapter 3

Linear Transformations Between
Vector Spaces

Throughout this chapter we use F to denote R or C. As a reminder, some of the examples
cannot have a direct analogue to complex vector spaces since, as you will see, some of the
operations will not make sense in complex field.

3.1 Linear Transformations

3.1.1 Definitions and Basic Results

Definition 3.1.1. A linear map or linear transformation is a function T : V — W
between vector spaces such that

Additivity Homogeneity
Tu+v)=Tu+Tv Yu,veV T(aw)=aoTv YaeF,YveV

Convention.

e For linear maps we write Tv instead of T'(v).
o We denote L£(V, W) the collection of all linear maps from V' to W.

e A linear map T : V — V is said to be a linear operator in linear algebra.

Example 3.1.2 (Linear Transformations T € L(V, W)).
(i) Any matrix A € My,xn(F) gives a linear transformation Ls € L(IF",F™) defined by

La(x) = Ax.
We say A is the standard matrix of La.
(ii) If V.= W, we have identity map I\, € L(V, V) defined by

ly(v)=v, forallvelV.
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Chapter 3. Linear Transformations Between Vector Spaces

(iii) Let T € L(F',F") be backward shift defined by

T(Xl,Xz, . ,X7) = (X2,X3, o, X7, O)

(iv) For n> 1, we can define S € L(P,(R),P,12(R)) and T € L(P,(R), P,—1(R)) by

(SP)x) = <p(x) and (Tp)(x) = 22 (x).

Note that Sp and Tp are functions, we use the notation (Sp)(x), (Tp)(x) to make
explicit what the function is pointwise.

(v) We can define T € £(C([0,1],R), C([0,1],R)) by

(Tf)(x)—/OX f(t) dt.

Definition 3.1.3. Let S € L(U,V) and T € L(V, W), we define TS € L(V,W) by
(TS)(v) =T o S(v) =T(SW)).
Theorem 3.1.4. Let {vy,vs,...,v,} be linearly independent in V, given wy,ws,...,w, €
W, there is a unique T € L(span{vy,...,v,}, W) such that
Tv,=w;, 1=1,2,...,n.
That is to say, whenever we have a basis on V', then we can define a linear map on
V by assigning each v; an vector w;. Those w;’s can possibly repeat.
Proof. We define T : span{vy,...,v,} — W as follows: For every a; € F,
T (a1v1 + agva + -+ + apvy) = aywy + asws + + -+ + AWy, (3.1.5)

It is easy to check T is indeed linear, hence it a linear map that satisfies desired prop-
erties.

On the other hand, if S : span{vy,...,v,} — W is any map such that Sv; = w;,
then T and S agree on a basis, hence T'= S. O

Example 3.1.6. We try to prove that there is a linear map T : R* — R3 such that

2 s

T = |1 and T = |0
2 1 3 1
1 3

Obviously (2,1,2,1)7 and (3,0,3,3)" are linearly independent in R*, by [Theorem 3.1.4| we

can already define a unique linear map T :span{(2,1,2,1)7,(3,0,3,3)7} — R given by

1PN

T\ a +b =a|l| +b|0
2 3 1 1
1 3

However it is not enough as we seek for a map with domain on R*. That means we should
try to expand the domain of our T.
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By [Theorem 2.6.9| we can extend {(2,1,2,1)7,(3,0,3,3)7} to a basis

, U1, Uz

=N =N

3
0
3
3

of R*. Now we further define Tu; = Tu, = [ (i.e., we assign uq, up the zero vector, and

then by [Theorem 3.1.4(*)| we can extend T to R* linearly by formula (3.1.5)), thus we are
done.

[=lele]
[R—

Indeed one of possible choices is to choose u; = (0,0,1,0)" and vy = (0,0,0,1) 7,
the standard matrix of T become

1 -1 00
A=|l0 1 0 of,
1/3 1/3 0 0

and the direct computation shows us A [

|- (1] afl] - 1)

In the next example we use the following terminology. We need to define the kernel

(the solution to “homogeneous system”) of a linear map, which is done in [Definition 3.1.9

NN
wwow
oW

Definition 3.1.7. A subset W of F” is said to be a hyperplane if it takes one of the following
equivalent from:

e There are ay,as,--- € F, not all zero, and b € F such that

W ={(z1,...,2,)" €F":a121 + asxo + - + a1z, = b} # 0.

e There is a nonzero A € L(F™,F) such that

W={xeF": Az = Azxo} = xo + ker A.

Two formulations are equivalent. Indeed, the set W := {(z1,7a,...,2,)T € F" :
a1x1 + agxe + - -+ + apw, = b} can be written as

{z e F": (z, (a1,..., an)t) = (z0, (ay, ..., an)T>},

for some zg € R™. Of course x — (z,(ay,...,a,)T) defines a linear map from F" to F,
therefore W is reduced to the second formulation.

Conversely, given a nonzero A : F* — F, then Ax = Az if and only if
A(xrer + xoes + - -+ xpe,) = Axg <= Aler)zr + Alea) + -+ - + Alen)zn, = Ay,

which is again the first formulation. Therefore two formulations are the same and define a
hyperplane in R™.

When F" = R3, ker A is just a plane passing through 0, so a hyperplane is just a
plane in R? with possibly a “shifting” by zg.

2 3 1 3
(*) " In this theorem, choose v; = [%} Vo = {g:| vz =uy,v4 = tpand wy = h] Wy = [[ﬂ W3 = wy = [

1 3
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Chapter 3. Linear Transformations Between Vector Spaces

Example 3.1.8. Given a proper subspace W of F" and a point v € F"\ W, there is a hyperplane
P:={(xt,....5x) " €F":ayxg+ -+ apx, =0}
such that W C P and v ¢ P.

To prove this, let wy, ..., wy be a basisof W, as v & span{wx, ..., wy}, v, wy, ..., w
are linear independent, extend it to a basis of F” by appending uy, ..., u,. Now we define
a linear map A € L(F", F) by defining

Ay =Awp, = =Aw =0, Av=Auy=---=Au,, = 1.

and then extending A linearly by [Theorem 3.1.4] Now W C ker A and v & ker A, thus ker /A
is the desired hyperplane.

3.1.2 Kernel and Range
Definition 3.1.9. Let V and W be vector spaces and let T' € L(V,W). The kernel of T
and the range of T are defined by
kerT={veV:Tv=0} and rangeT ={Tv:veV}

respectively.

The following directly extend the results of matrices with identical proof:

Theorem 3.1.10. Let V, W be vector spaces and T € L(V ,W). Then:
(i) T is injective <= kerT ={0} <= (T2 =0 = z=0).
(ii) ker T is a subspace of V.
(iii) rangeT is a subspace of W.

Example 3.1.11 (Compute ker T).

(i) Consider T € L(P,(R),P,_1(R)) defined by Tp=p'. If p€ ker T, then Tp=p' =
0, hence p is a constant function, p € {f = a: a € R}. That means

ker TC {f =a:acR}
The reverse inclusion is obvious, thus ker T = {f = a: a € R}.

(i) Consider T € L(C([0,1],R), C(]0,1],R)) defined by

(TFH)(x) :/ f(t)dt.
0
If f € ker T, then Tf =0, i.e., (Tf)(x) =0 for all x € [0,1]. Since f is continuous
on [0,1], Tf is differentiable on (0, 1). Thus for every x € (0, 1),

0= diXTf(x) = dix /0 F(t) dt = £(x).

Also, f(0) = limy_,o+ f(x) =0 = lim,_,;- f(x) = f(1), so f = 0.

In summary, the logic says that ker T C {0}. The reverse inclusion is obvious, so
ker T = {0}.

(iii) Consider the backward shift T € £(F>,F>) defined by T(x1, x2,...) = (x2, X3, ... ).
It is easy to check ker T = {(a,0,0,...) : a € F}.
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3.1.3 Generalized Rank-Nullity Theorem

Theorem 3.1.12 (Generalized Rank-Nullity). Let V be finite dimensional and T € L(V, W),

then
dimV = dimkerT + dimrangeT.
Proof. This is the same as O

Next we define invertability of a linear transformation. Note that Iy, as we denote

in (ii) of [Example 3.1.2} is called the identity map on V, i.e., Iy (v) = v for each v € V.

Definition 3.1.13. Let V, W be vector spaces. A linear transformation T € L(V, W) is said
to be invertible if there is S € L(W,V) such that,

TS:IW and ST:IV

Or equivalently, T is invertible if T is injective and surjective.
Remark. Usually we denote such S by 7~ 1.

Corollary 3.1.14. Let V and W be finite dimensional, dimV = dimW and T € L(V, W),
then the following are equivalent.

(i) T is invertible. (ii) T is injective. (iii) T is surjective.
Proof. This is the same as [Corollary 2.8.11 ]

Remark. In [Corollary 3.1.14] given a linear map T : V — W, dimV = dim W, the result

that T is 1-1 <= T is onto is only true when V is finite dimensional. Consider V' = R,
the map T': V — V defined by T'(a1,a2,...) = (0,a1,as,...) is injective but not surjective.

Example 3.1.15 (Interpolation Problem). Let a1, a,, ..., a,1 be n+ 1 distinct real numbers
on the x-axis. Given by, by, ..., byy1 € R, there is a polynomial p € P, such that
p(ai) = b1, p(az) =ba, ..., p(ant1) = bns1-

More precisely, given n+ 1 distinct points on the x-y plane, we have a real polynomial that
connects all these n+ 1 points!

by

given by

ai d az d4 - dptl
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To prove this, note that the existence problem is the same as showing the linear
map

T:P, - R ps

P(ar-1+1)

is onto. For this, since dimP,(R) = n+ 1 = dimR"!, so by |Corollary 3.1.14| showing T is
onto is the same as showing T is one-one.

To thisend, let p € P,(R) be such that Tp = 0, then p(ay), p(az), .. ., p(an+1) =0,
hence a degree n polynomial has n+ 1 distinct roots, from basic algebra, p must be the zero
polynomial 0.

The argument shows us ker T = {0}, i.e., T is one-one, hence we are done.

Example 3.1.16 (Partial Fractions Decomposition). It was taught in a short course on par-
tial fractions that we can always assume

p(x) B aj b;
CEP IR Y e i) Y sy

i=1 j=1

and then solve for a;'s and b;'s, where a # b are real, h,k > 1 and p € Pp«—1(R). Why
must it work? Note that the feasibility of making such assumption is the same as saying

C span (X—a)h(x—b)i, _i=0,1..., k-1,
p <SP (x—b*(x—ay = j=01,....h—1 [

We hope this is always true, namely, we hope that the linear map

T: RMK 5 Py 1(R)
k—1
(ag, - -, ak—1. bo, ..., bp_1) |—>Za,x—a x—b —|—Zb x—b x—a)f
i=0

is surjective. Note that dimR"*% = h+k = dim P, ,_1(R), by|Corollary 3.1.14]it is enough
to show T is injective. For this, suppose

k—1
Za,x—a —b) +) (x—b)K(x—a)y =0,
i=0 J

>
[u

Il
<)

we try to show a;'s and b;'s are all zero.

Now for every x # a, we divide (x — a)" on both sides to get

k—1 h-1,
Y at by =3 B
i=0 _]:0
bo by bh—1
= (x — b)¥
(x=b) <(x—a)h a1t +x—a)
1
= (X — b)km(bo + bl(X — a) + -4 bh,l(X — a)h_l). (3117)
We then take absolute value on both sides to get
k-1
> laillx = b > |x — b|k| |h(lbo\ |balx —a| = -~ = [bpallx — a["7Y).
i=0
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Step 1. For the sake of contradiction, suppose by # 0. Let's take x — a on the
above inequality, then LHS goes to a finite number while RHS goes to oo, a contradiction.

Step 2. Now by = 0, suppose by # 0, then we continue from ((3.1.17]) to get

k—1

,. 1 _
> laillx—bl" > |X—b\km(|b1|—\b2|\X—=9|—"'—\bh—1||X—a\h %),
i=0

and we get the same contradiction when x — a, so by = 0.
Step j. bj_1 = 0 due to the same contradiction.

Now from step j, j = 1,2,..., h, we have bg = by = --+- = by_1 = 0, hence we
have shown that all b;'s are zero. Continuing from (3.1.17]) we have

k—1
Z a,-(x — b)’ = 0,
i=0

but then since {1, x— b, (x—b)?, ..., (x—b)k~1} is linearly independent, a;'s are necessarily

all zero, and we are done.

Remark. In [Example 3.1.16] the same proof still work if we replace R by C. Also with a
slight modification of the proof, can be generalized to

We end this section by introducing a standard terminology in abstract algebra in
the context of linear algebra (this is still a very standard term in linear algebral).

Definition 3.1.18. Let V and W be vector spaces, we say that V and W are isomorphic if
there is an invertible linear transformation 7' : V' — W. A invertible linear map is said
to be an isomorphism.

Note that it is also common to write V = W to mean V' and W are isomorphic. The
following result says that for finite dimensional vector spaces being isomorphic is nothing
but having the same “size”:

Theorem 3.1.19. Let V and W be finite dimensional, then the following are equivalent.

(i) dimV = dim W. (ii) V and W are isomorphic.

Proof. (i) = (ii) Suppose dimV = dim W = n, let {v1, va,...,v,} and {wy, wa,...,wy,}
be a basis of V and W respectively. Define amap T : {v1,va,...,v,} = {w1,wa, ..., w,}
by

Tv; = w,

then by we can extend 7' linearly on V.
T is one-one (hence invertible by |Corollary 3.1.14]) since

n n
T(Zaﬂh) =0 = a,w; =0 = aq,a9,...,a, =0.

i=1 i=1

Thus T is an isomorphism. Hence V and W are isomorphic.
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(ii) = (i) Assume V and W are isomorphic, i.e., there is an invertible linear
map T : V — W, then by rank-nullity theorem,

dimV =dimkerT + dimrangeT = 0+ dim W = dim W. ]

Example 3.1.20. Let V be finite dimensional. The dual space of V is defined by V* =
£(V,IF We prove that V and V* are isomorphic.

By it is enough to show dim V = dim V*. To do this, let's find a
basis of V*. Let {v1, vs,..., vk} be a basis of V, we define the linear maps vy, v, ..., Vi €
V* as follows: let

vi(vi)=1 and vj(vj))=0, Vj#i,

then by v{ can be extended linearly to a map on V. We claim that v;*'s

form a basis of V*, it then follows that dim V* = k =dim V.

Firstly we show that V* = span{v;", v5,..., vi}. Let f € V*, we have for i =
1,2,...,k,
k
f(vi) = Z f(VJ)VJ* (vi)
j=1

Since f and Zjl-;l f(v;)v; agree on a basis of V/, it follows that they agree on V/, hence

which means that V* C span{v{, v, ..., v,’:} Since the reverse inclusion is obvious, we
have V* = span{v], v3,..., v} }.
It remains to verify {v{, v,..., v} } is linearly independent, to do this, let a; € F

be such that
alvf—|—azv;—|—~--+akv,f =0.

For each i = 1,2, ..., k, the functional on the LHS evaluated at v; gives
aj = (a1v{f +axvs + -+ arvy)(v;) =0.

Since i is arbitrary, ay = a = --- = a, = 0, as desired.

3.2 Matrix Representations and Change of Coordinates

In this section V' and W are always finite dimensional vector spaces over F.

3.2.1 Coordinates

Definition 3.2.1. Given a basis o = {v1,va,...,v,} of V, for each v € V, there are unique
ai,as,...,a, € F such that v = a1v1 + asvs + - - - + a,v,. We define
[IU}(X - (ala ag, ..., an)T7

called the coordinate vector of v w.r.t. a.

() Each element in V* is called a linear functional on V.
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Example 3.2.2. Since A = E E g} € Msy3(R) is invertible,
3 2 6
a= 11,11],12
2 2 5

is a basis of R What is the coordinate vector of b = [é} w.r.t. o?

Note that b = A(A~1b), let (x,y,z)" = A~1b, then

3 2 6
b:A(X,y,z)T:X 1| +y |1 +2z 2],
2 2 5
hence [b]o = (x,y,2)T = A~1b. In[Example 1.2.20| we have found A~1, so
1 2 =2] |1 -1
[bla=A"'b=|-1 3 0] |2|=1|5
0o -2 1 3 -1
In summary given a basis a = {ay, ..., ap}, if we construct a matrix A =[a1 -+ aj,

then A=1b gives the coordinate of b w.r.t. . This is simply because b = A(A~1b). Thus
the meaning of “acting an inverse matrix on a vector” is exactly “extracting coordinate of
this vector”.

Theorem 3.2.3. Let o be a basis of V, then the linear “coordinate map”
Co(v) : V = FImVe s [0]4
is an isomorphism.
Proof. Let a = {v1,v3,...,v,}, by|Corollary 3.1.14]it is enough to show C,, is injective.
Indeed, let v € V' be such that C,(v) =0 := (0,0,...,0)T, then by definition

v =0v; +0vy+---4+0v, =0. O

One can apply to prove which basically says that

the properties of any linear map 7' : V' — W, with dim V,dim W < oo, remains unchanged
under matrix representations in the next section.

3.2.2 Matrix Representations

The concept of bases not only provides us the concept of dimension, it also provides us a
method to translate the language of linear transformations to language of matrices.

Definition 3.2.4. Let o« = {v1,v,...,v,} beabasisof V, B abasisof Wand T € L(V,W).
The matrix representation of 7' w.r.t to bases o and [ is

[T15 = [[Tvils [Tvalg -+ [Tvalg].

When V =W and a = §, it is customary to write [T], = [T]2.

(})  Since Ax =0 = x = 0, {[z] , [i] , [g]} is linearly independent, and hence span{[z] , [i] , [g]}

is a 3 dimensional subspace of R3, thus span{[z] , [;] , [g]} =R3, {[z] , [;] , [g]} is a basis of R3.
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Chapter 3. Linear Transformations Between Vector Spaces

We can memorize it easily by the following diagram. Let 8 = {w1, wa, ..., wy,} and
let Tv, = >0, ajpw;. Then

Tvy Tvy -+ Tou,
w1 a1 ai2 A1n
w2 [ 21 G222 -+ A2p
B _
[T]a - : : : .. : (325)
Wm | Am1 Am2 e Amn

You are asked to prove the following nice result in

Theorem 3.2.6. Let V and B be finite dimensional, T € L(V,W) and «, 8 the basis of
V,W respectively. Then

dim Nul[T)? = dimkerT and dim Col[T]? = dimrangeT.

To prove this, we keep in mind by definition of matrix representation the following
diagram commutes (prove it!):

T
|4

w

—1
Ca 5
72

Fdim V/ e Fdim W

In other words, T' = Cﬁ_l [T)2C,,. [Theorem 3.2.6| provides us a unified way to tell if a linear
map between finite dimensional vector spaces is injective or surjective.

Example 3.2.7. Let T € L(P2(R), P4(R)) be defined by

(T)(x) = ZP () +xp().

Let o = {1, x, x2} be a basis of P, and 3 = {1, x, x?, x3, x*} a basis of P4, we try to find
[T]2 and determine if T is injective.

Since T(1) = x?, T(x) =1+ x3, T(x?) = 2x + x*, we have

T(1) T(x) T(x*)

1] o0 1 0

x| 0 0 2
[T = x| 1 0 0
x3 0 1 0
x40 0 1

Now it is easy to tell if T is injective by studying [T]2. Since [T]2 is of full rank, by
rank-nullity theorem,

3 = dimNul[T]? + dim Col[T]? = dimNul[T]? +3 = dimNul[T]? = 0.

By [Theorem 3.2.6,
dimker T = dim Nul[T]? =0,

meaning that ker T =0, so T is injective.
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Example 3.2.8. Let M = [2b] € My,»(R). Define T € L(Max2(R), May2(R)) by

T(A) = MA.

o={a-[5 e-5 o=t el I}

we try to find the matrix representation [T], and also determine the values of a, b, ¢, d such
that the map T is invertible.

Define

Indeed, a direct computation gives

T T(E) T(E) T(E) T(E)

E1 a 0 b 0
TE, = aEy + cEy . [T] B E> 0 a 0 b
TE; = bE; + dE; R =% B 0 d 0
TE, = bE, + dE, Bl 0 c 0 d

T is invertible iff [T], is invertible iff det[T], = (ad — bc)? # 0, so T is invertible if and
only if ad # bc.

3.2.3 Change of Coordinates

We combine the computational results of matrix representation in the following;:

Theorem 3.2.9.
(i) Let o be a basis of V and /3 a basis of W, then

[T1a[0]a = [Tv]s.

(e

(ii) Let S € L(V,U) and T € L(U,W). If we give V,U,W a basis «, ~, 3 respectively,
then
(7S] = [T15[S]3.-

(iii) If o and B are bases of V, then
[Iv]5 = (Iv12) ™

where Iy is the identity map on V, i.e., Iy (v) = v for eachv € V.

Proof. (i) Let a = {vy,v9,...,v,}, it is easy to check the equality holds when v =
v, =1,2,...,n, hence we are done.

(ii) Let o = {wy,v9,...,0}, 8 = {w1,wa,...,w,} and v = {uy,ug, ..., un},
then the result follows from direct calculation:

[TS]a = [[T(Sv)ls  [T(Sv2)ls - [T(Svn)ls]
= [[T51(Sv)ly  [TS[(Sv2)ly -+ [TI5[(Svn))s]
= [T15 [[(Svn)ly  [(Sv2)ly - [(Sva)l,]
(715112
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Chapter 3. Linear Transformations Between Vector Spaces

(iii) By (ii) we have
I=[Iv]2 = [Iv]§[Iv]Z,

where I is an identity matrix. Hence [Iy]§ and [Iv]2 are inverse to each other. O

Example 3.2.10 (Change of Coordinates). Let o and 3 be bases of R? defined by

oAl ) e o=l Ll

We try to find the change of coordinate matrix from « to 3: [/Rzl

Let A=[33]and B =[] ] and let € be the standard basis of R?. It is not hard
to check [Ig2]5, = A and [lg:]S, = B, hence

[e)S = Ul ol = (Usel) el = B A = [43 32] -

Example 3.2.11. Let T € L(V, W). Also let o, &’ be two bases of V and 3, 8’ two bases of
W, then [T]? and [T]%, are related by
A
This can be shown by repeatedly using (ii) of [Theorem 3.2.9| Indeed from the RHS,
Il (TIEIVIE) = [wlG (TG = W TG = [T15
In particular, if W =V, we have

[T1% = (VIS ITISIVIG = (IVI2) M TISIVIS .

In the above, if we denote P = [Iy/]%,, then we have [T]%, = P~![T]%P, in this case
we say that [T]%, and [T]2 are similar:

Definition 3.2.12. Let A, B € M,x,(R), A and B are said to be similar if there is an
invertible matrix P € M, xn(R),
A=P'BP.

Example 3.2.13 (Change of Bases From R” to R™). Let P € M,,,(R), then there corre-
sponds a linear transformation Tp € L(R"”,R™) defined by

Tp(x) = Px.

Let ¢ be the usual basis of R” and € that of R™, then [Tp]¢ = P. Now in general we
are interested in how will P change (more precisely, [Tp]¢) if we give R”,R™ a pair of
nonstandard bases. Let o and 8 be such a pair, then

[Tp]2 = [lee ]2 [ TP]E [ro]s = B1PA,

where the ith columns of A and B are the ith vectors of the bases o and [ respectively.

This is natural because B~!, as we see in [Example 3.2.2] can extract the coordinate of Pay

w.r.t. B (look at the matrix in (3.2.5)) to feel/ what | am talking about).

(8)  This matrix is also called a transition matrix from « to 8 because [le]g[x]a = [x]g.
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3.3. Exercises

3.3 Exercises

Linear Transformations

Problem 3.1. Determine which of the following maps are linear transformations.
(a) The transformation T' defined by T'(z1,72)T = (221 — 329, 71 + 4, 522)T.
(b) The transformation T defined by T'(z1,x2)T = (421 — 21, 3|z2|)7.

) (

) (

(c) The transformation T defined by T'(z1,z2,23)T = (1,22, 23)7.

(d) The transformation T defined by T'(z1, r9,23)T = (21,0, 23)7.
) (

(e) The transformation T defined by T(z1, 22, 23)T = (21,29, —23)7.
Answers: sox () sox (p) oN (0) oN (q) oN (e)
Problem 3.2. Let T': R® — R™ be a linear transformation. Determine whether or not
T is one-to-one in each of the following situations:
(a) Whenn>m:
(b) Whenn=m:
(¢) Whenn <m:

Fill the symbols A, B and C in

T is a one-to-one T is not a one-to-one There is not enough

transformation. transformation. information to tell.

defined below:

Answers: o (0) D (q) g (»)

Problem 3.3. Let T : R® — R™ be a linear transformation. Let A be the standard
matrix of T'.

Fill the correct symbols A, B and C in for each of the following situations.

a) If every row in the row echelon form of A has a pivot, then _

(a)
(b) If the row echelon form of A has a row of zeros, then -
(¢) If two rows in the row echelon form of A do not have pivots, then -
(d) If the row echelon form of A has a pivot in every column, then _

Where:

T is not onto. E T is onto. there is not enough in-

formation to tell.

Answers: 5 (p) v (0) v (a) g (®)
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Chapter 3. Linear Transformations Between Vector Spaces

Problem 3.4. Let V be a vector space and A, Ay, Ag, ..., Ay, € L(V,F). TE()]_, ker A; C
ker A, prove that A is a linear combination of A;’s.

Hint. Show that
W = {(Ax, Aix, Aox, ..., Apx)T i x € V)

is a proper subspace of F"*1. Extract the “extra point” v € F™1\ W and then separate

W and v by using a hyperplane constructed in [Example 3.1.8

Problem 3.5. Prove that there does not exist a T' € £(IR®, R?) whose null space equals

{(xl,xg,mg,x4,x5)T €R®: 2y =3xy and 23 = 24 = x5}

Problem 3.6. Let T € L(V,F) and T # 0 (i.e., there is v € V, Tv # 0). Show that for
every u & ker T,

V =span{u} @ ker T

Problem 3.7. Assume B € M, «,(F) satisfies B* = 0 for some k > 1, show that every
matrix in M, «,(F) has the form BA — A, for some A € M,,«,(F).

Problem 3.8. Let T € L(P,(R),R) be defined by
Tp = sum of all coefficients of p.

Show that (i) dim(ker T') = n; and (ii) conclude that {z — 1,22 —1,...,2" — 1} is a
basis of ker T

Problem 3.9. Let A, B € M, 5, (F) be idempotent matrices (i.e., A2 = A and B% = B)
and I — (A + B) be invertible. Show that A and B have equal ranks.

Problem 3.10. In this problem we will establish the proof of rank-nullity theorem.
(a) Let V and W be vector spaces and let dim V' < oo. Show that any linear T : V —
W satisfies the following
dimV = dimker T + dimrange T ()

in the following steps.
Step 1. Explain why (&) is trivial if dimker7 =0 or dimker 7' = dim V.

Suppose now dimker 7' < dim V', let & = {uq, ug, ..., ui} be a basis of ker T'. Since
ker T' is a subspace of V, we extend « to a basis of V: {uy, ..., ug, wi,...,wy}.

Step 2. Show that
range T = span{Twy, ..., Twy,}.

Also show that {T'wy,...,Tw,} is linearly independent.
Step 3. Conclude (&).

(b) Let V and W be vector spaces, show that for any linear T': V' — W we still have
(%) even when V is infinite dimensional.

72



3.3. Exercises

Problem 3.11. Let ay,as,...,a; € F be distinct and py,pa, ..., pr € N. Show that

k: .
[ (e=a)(—a)
j=1j#1

k ‘ ;
[I (@—a)P(z—a))= .

Looop—1
Py ttpo—1(F) =span | j=1j#1 1

7"'7p2_1

K ' e =0,1,....pr—1
I @-ape—ays 70

J=1,j#1

Therefore we always have the partial fraction decomposition: For every p € Py, 4...qp, —1(F),
there are Aj;s, A;; € F, such that

p(x)
(x —ar)Pr(x —ag)P2 -+ (x — ag)P ZZ (x — a;)7

Problem 3.12. Let M, «,(R) denote the vector space of all n x n matrices. For every
C € M, xn(R), define the linear map T¢ : My« (R) — R in the following way

Tc(A) =Tr(CA), for each A € M, xn(R).
It is clear that T € (M,x,(R))*, show that actually,

{TC Ce Mnxn(R)} = (Mnxn(R))*

Problem 3.13. Let A = M,,«,(C), we denote M 4 the set of nonzero multiplicative
linear functionals on A. By multiplicative we mean for every ¢ € M 4 and for every
A, B € A, we have p(AB) = ¢(A)p(B).

(i) Show that for every n > 1, any nonzero ¢ € M 4 satisfies p(I,,) = 1.

(ii) By using[Problem 3.12] show that when n > 2, M4 = 0.

In other words, M 4 has nonzero multiplicative linear functional only when n = 1.

Remark. The interest of M4 comes from analysis. When A is a commutative Banach
algebra we often call M4 the spectrum/maximal ideal space of A since it is in
1-1 correspondence with maximal ideals in A. For example, let A = Cfa,b] the set
of continuous functions on [a,b], one can show that M4 is the set of all pointwise
evaluations.

Problem 3.14. Let V be a vector space. We define V* = L(V,F) (called the dual space
of V) and V** = (V*)* (called the bidual of V), let i : V' — V** with i(v) € V**
pointwise defined by

i()(T)=T(w) forall T e V™.

We have shown in that when V is finite dimensional, V and V* are

isomorphic. Show that 4 is an isomorphism between V and V**.

Remark. The function 4 is important in functional analysis, called canonical embed-
ding.
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Chapter 3. Linear Transformations Between Vector Spaces

Matrix Representations

Problem 3.15. Let T : P5(R) — Py(R) be defined by
dp
(Tp)(@) = 2L (@).

Let a = {1 +x,2+ 221+ 2+ 22} and 8 = {1, x, 2%}, show that [T]? = [

o=Oo
N=O

N=O
—

Problem 3.16. Let T € £(P2(R),R?) be defined by
T(a+ bz + cx?) = (a + b, c).

If we let o = {1,2,2?} and 8 = {(1,-1)7,(1,1)7}, show that [T]5 =1 [11 ']
Problem 3.17. Let T € L(Py(R),Po(R)) be defined by

(Tp)(w) = p(x) + - (2) + =5 ().
Prove that T is an isomorphism, also, prove that

T a4+ bz + ca?) = (a — b) + (b — 2¢)z + cx?.

Hint. We are very used to matrices, choose a suitable basis and represent our transformation
T as matrix.

Problem 3.18. Show that all the matrices similar to an invertible matrix are invertible.
Moreover, show that similar matrices have the same rank.

Problem 3.19. Provide a proof of [Theorem 3.2.6] with the help of [Theorem 3.2.3

Problem 3.20. A nilpotent linear map 7' : V — V satisfies T9 = 0 for some g > 1.

(a) Prove that any square upper triangular matrix with diagonal elements zero is
nilpotent.

(b) Conversely, if a nilpotent linear map T': V — V is defined on a finite dimensional
vector space V, then there is a basis of V' such that the matrix representation of
T is triangular with diagonal element zero.

Problem 3.21. Let T : V — W be linear and dimV = dim W < oo, show that there
are bases o of V and /3 of W such that [T]2 is a diagonal matrix.

Problem 3.22. Prove that any 3 x 3 matrix A over R for which A% # 0 but A% = 0 is
similar to the matrix

o = O
—_ O O

0
0
0
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Chapter 4

Simplification of Matrices

In this chapter we introduce three basic methods to decompose a given matrix. There
are different advantages when using different methods. Sometimes simplification of a matrix
simplifies a given problem. For example, given a specific matrix B, we try to find all matrices
A such that AB = BA, equivalently for invertible P,

(P~*AP)(P™'BP) = (P"'BP)(P'AP) < A'(P™'BP)= (P 'BP)A/,

thus once we can decompose a matrix through a change of basis (diagonalization and Jordan
form), then the problem is reduced to finding all matrices A’ such that A’ commutes with
a simplified matrix P~'BP. This is not a rare occasion that a simplification simplifies a
mathematical problem. Sometimes we will find that SVD is more appropriate, it depends
on the situation we have. You may work on exercises in this chapter to get exposed to them.

4.1 Diagonalization of Matrices

Throughout this section all scalar field will be denoted by F which is either R or C. This is
to develop the parallel story of diagonalizability of real and complex matrices at the same
time. Some of the result in complex scalar field in this section will be used in this chapter.

4.1.1 Eigenvalues and Eigenvectors

Definition 4.1.1. Let A € M, x,(F), an eigenvalue of A is a A € F such that there is
nonzero vector v € F*, Av = Av. Also, we call

Nul(4 — AI)

the eigenspace of A\. Every nonzero v € Nul(A — AI) is called an eigenvector
corresponding to the eigenvalue .

Theorem 4.1.2. Let A € M, «,(F), then the following are equivalent:

(i) A is an eigenvalue. (iii) rank(A — A1) < n.
(ii) Nul(A — AI) # {0}. (iv) det(A — XI) = 0.
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Chapter 4. Simplification of Matrices

Proof. (i) = (ii) Trivial.

(ii) = (iii) By rank-nullity theorem (over F),

rank(A — M) < dim(A — M) + rank(A — AI) = n.

(iii) = (iv) Suppose A — Al is not surjective, it is not invertible, hence det(A —
M) =0.

(iv) = (i) det(A— AI) = 0 implies A — AT is not invertible, which is the same as
A — A is not injective, hence Nul(A — AT) # {0}, thus there is v # 0, (A — Al)v = 0.0

It is easy to construct a matrix in Max2(R) that has no eigenvalue (as Mayo(R) is

a real vector space, by eigenvalue we mean real eigenvalue, according to .
For example, consider R/, the rotation matrix from R? to R?® by an angle 7/2 counter-
clockwise, no nonzero vector can be parallel to itself after a rotation, thus there is no A € R
and nonzero v € R? such that Ry jov = Awv.

This unpleasant feature can be eliminated if we enlarge the scalar field that we live
in:

Corollary 4.1.3. Let A € M, «,(C), then A has at least one eigenvalue.

This is the first significant distinction between real and complex vector spaces that
we see in this text. Later on we will see that the proofs of the existence of several decom-
positions of matrices depend heavily on the existence of at least one eigenvalue.

Proof. Since p(z) = det(A — zI) is a polynomial over C, by fundamental theorem of
algebra p(z) has n roots (counting multiplicity) in C, therefore there is at least one
zo € C such that p(zp) = 0, and thus z( is an eigenvalue. O

Because of (iv) of [Theorem 4.1.2| we define:

Definition 4.1.4. For A € M,,«,(F), the degree n polynomial
pa(t) = det(A —tI)

is called the characteristic polynomial of A.

Remark. Now X is an eigenvalue of A if and only if p4(A) = 0. The definition det(¢t] — A)
is also commonly used to define characteristic polynomial, which is to obtain a polynomial
with positive leading coefficient. This differs from our definition just by (—1)", and we
persist in using det(A — ¢tI) since it is slightly more convenient in computation.

Example 4.1.5. The characteristic polynomial of A= [}2]is

1-t 2

PA(t)—' 3 4_ty =t?—5t—2
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Example 4.1.6. If

ail *
a»
A= ,
0 ann
then a1, ax,...,an, are eigenvalues of A. This can be seen by cofactor expansion of

pa(t) = det(A — tl) along the first columnS.

Example 4.1.7. Let

A=y 3| e M

we try to find all eigenvalues and eigenvectors of A. Note that by finding all eigenvectors
we usually mean finding the basis of each eigenspace.

Since

33—t 2

0 a_¢=B-0-1)

pa(t) =det(A—tl) = ‘

3 and 4 are eigenvalues. Namely, both Nul(A — 3/) and Nul(A — 4/) are nonzero.
Next we find all eigenvectors.

When t = 3. We find x € Nul(A — 3/), i.e., we solve (A — 3/)x = 0, then since

0 2 0 2
A—%{OJ%boy
soxp =0and x = (x1,0)7 = x(1,0)7, (1,0)7 is an eigenvector.

When t = 4. We solve (A —4/)x = 0, since

-1 2
a7

we have x; = 2xz, 0 x = (2x2, %) " = x2(2,1)7, (2,1)7 is an eigenvector.

Definition 4.1.8. Let A € M,,x,,(F) and let pa(A\) = 0.

(i) The multiplicity of A as a root of the polynomial p(t) is called the algebraic
multiplicity of \.

(ii) dim Nul(A — M) is called the geometric multiplicity of .

Geometric multiplicity essentially counts how many “distinct” vectors are in an
eigenspace. If we have enough “distinct” vectors, i.e., if the geometric multiplicities are
sufficiently large, then we shall see that a matrix will be diagonalizable. We elaborate this
in the next section.

0 0

Example 4.1.9. Let A= [O 0

:| S szz(R), then

pa(t) = det(A — tl) = t2.

(i) Algebraic multiplicity of the eigenvalue 0 is 2.
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Chapter 4. Simplification of Matrices

(i) The geometric multiplicity of 0 is dim Nul A = 2.

Example 4.1.10. Let

1210
0110

A=1o o 2 o] €Mexa(R),
000 2

by we know 1 and 2 are the only eigenvalues. We try to find the algebraic
multiplicity and geometric multiplicity of 1 and 2 respectively.

Algebraic multiplicity. Since
pa(t) = det(A —tl) = (1 — t)*(2 — t)?,
the algebraic multiplicity of 1 and 2 are two.

Geometric multiplicity. We don't need to find the bases of Nul(A — /) and
Nul(A — 2/). We just need to row reduce A— [ and A —2/ and count the number nonpivot

columns.
Since
0 210 0 210
A_ | — 0 010 . . 0 010
0 010 0 0 0 1f"
0 0 01 0 0 0O

there is 1 nonpivot column, dim Nul(A—1/) = 1.

Since
-1 2 1 0
0 -1 1 0
A-2l= 0 0 0 0|
0 0 0 O

there are two nonpivot columns, so dim Nul(A — 2/) = 2.

We conclude that the geometric multiplicity of 1 is one and that of 2 is two.

In general the number of “distinct” eigenvectors of an eigenvalue \ cannot exceed
the algebraic multiplicity of A:

Theorem 4.1.11. Let A € M,,x,(F) and pa(\) = 0, then

1 < Geometric Multiplicity of A < Algebraic Multiplicity of \.

Proof. Since pa(A) =0, A — A is not invertible, i.e., it is not injective, thus
Nul(A - M) #0 = dimNul(4 — \I) > 1.

Let a = {v1,v9,...,v;} be a basis of Nul(A — AI) and let L4 : F* — F™ be defined by
L4 (x) = Az, for notational rigour.

If k = n, then [La], = A, and thus
det(A —zI) =det([Lala —2l) = (A —2)",

so the algebraic multiplicity of A is also n, we are done.
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Suppose that k < n, then we can extend « to 8 = {v1,v2,..., Vg, Vk41,- -, Un
a basis of F", and the matrix representation of 7" w.r.t. 8 will be

Lo = [ 2]

where Ij denotes a k x k identity matrix and O denotes a (n — k) x k zero matrix, now

[Lalg — 2l = [ (A _Ox)fk I ] |

it follows that
det(A — 2I) = det([Lals — zI) = (A — 2)*p(z),

for some degree n — k polynomial p. Thus X is a root of det(A — xI) with algebraic
multiplicity at least k, so we are done. O

4.1.2 Diagonalizability and Diagonalization

Let’s motivate the definition of diagonalizability. Given A € M,,«,(F), suppose that there
is a basis @ = {v1,vq,...,v,} of F™ and each of v;’s is an eigenvector, then there are
A1, A2, ..., Ay such that

A’Uk = )\kvk
for k = 1,2,...,n. Now the linear transformation L, : F" — F" can be represented as a
matrix w.r.t. « that has the form
A0 0
10 A 0
[Lale=1¢ "o ... o
0 O An
Let P=[vi -+ ], then P"YAP = [L4], is a diagonal matrix. Therefore we define:

Definition 4.1.12. A € M,,«,,(F) is said to be diagonalizable if one of the following equiv-
alent statements hold:

(i) There is a basis consisting of eigenvectors.
(ii) There are n linearly independent eigenvectors.

(iii) The sum of all geometric multiplicities is n.

There are some particular results from which we can tell diagonalizability immedi-
ately.

Theorem 4.1.13. Let A € M,,«,(F). Eigenvectors associated to different eigenvalues are
linearly independent.

Proof. Let A, Az,..., A, € F be distinct such that there are vq,v,...,v, € F" satis-
fying Av; = A\v; foreach i =1,2,...,p.

We prove by contradiction, suppose {vi,...,v,} is linearly dependent, then
there is k > 1 such that vy € span{vy,va,...,vx_1}. Choose k = N, where

N =min{k > 1: vy € span{vy,vs,...,05_1}}.
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then there are aq,as,...,any_1, not all zero, such that
a1v1 + asvs + - - +an_1vny_1 + Ny = 0. (4.1.14)
We take A on both sides to get

a1 A U1 + agdovg + -+ an_1AN_1UN_1 + Anvn = 0. (4.1.15)

We perform Ay x (4.1.14]) — (4.1.15) to get

(Av — A1)arvr + (A — A2)agua + -+ (Any — An—1)an—1on—1 =0,
a contradiction to the construction of N since we can further choose a number N’ =

max{l <i < N —1:a; # 0}, then vy € span{vy,va,...,on—1}, with N < N -1 <
N. O

Corollary 4.1.16. Let A € M,xn(F). If pa(t) have n distinct roots, then A is diagonalizable.

Proof. Since each of eigenvalues has at least one geometric multiplicity, hence n dis-
tinct roots of pa(t) corresponds to n eigenvectors which are linearly independent by
[Theorem 4.1.13] |

Example 4.1.17. Consider the matrix
1 6 5
0 2 4] ¢ M3><3(R).
0 0 3

Since there are three distinct eigenvalues 1, 2, 3. By [Corollary 4.1.16] the matrix is diagonal-

izable.

Example 4.1.18. We try to show
2 11
A=11 2 1| ¢ M3><3(R)
11 2

is diagonalizable and find its diagonalization.
Consider

2—t 1 1
pa(t)=det(A—th=| 1 2—t 1 |=(t—1)>%*(4-1),
1 1 2—t

as there are just two eigenvalues 1 and 4, |Corollary 4.1.16is not readily applicable. We need

to count the geometric multiplicities carefully.

Geometric multiplicity of 1.

thus dim Nul(A — /) = 2.
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Geometric Multiplicity of 4. Since algebraic multiplicity of 4 is one, by
rem 4.1.11}
1< dimNul(A—4/) <1,

so dimNul(A—4/)=1.

Conclusion: A is diagonalizable because the sum of all possible geometric multi-
plicities is 3. Next we try to find the diagonalization of A:

Basis of Nul(A — /). We make good use of the previous step, let (A —/)x =0,
then x; = —x» — x3, so

x = (x1, %, x3) " = x2(—1,1,0)7 + x3(—1,0,1)7,
(=1,1,0)7 and (—1,0,1)7 are linearly independent, they form a basis of Nul(A — /).
Basis of Nul(A — 4/). We solve (A —4/)x =0, then

-2 1 1 1 1 -2
A-4/=|1 -2 1|—---= |0 1 -1
1 1 =2 0 0 O
SO0 xo = x3 and x; = —x» + 2x3 = x3, we have

x=(x3,%x,x3)" =x3(1,1,1)7,

(1,1,1)7 is a basis of Nul(A — 4/).

1-1

Diagonalization. Let P = [ _rl) ﬂ then

1
0
1 00
Plap=10 1 0
0 0 4

Example 4.1.19 (Nonexample). Not every matrix is diagonalizable. For example,

A {8 (1)} € Myya(R)

is not diagonalizable. To see this, since pa(t) = det(A — t/) = t2, 0 is the only eigenvalue,
but rank A = 1, so the geometric multiplicity of 0 is one. There are not enough eigenvectors
to diagonalize A.

Alternatively, if A is diagonalizable, then there is an invertible matrix P such that
P=1AP =[88] (0 is the only eigenvalue), so A =0, a contradiction.

Example 4.1.20 (Application of Diagonalization). Let aj, a5, a3... be a sequence of real
numbers recursively defined by

ant2 —42a,11 + 420a, = 0.
We try to find a, in terms of a; and a,.

Define x, = (an, an—1) ", we note that

ant2|  |42ap11 —420a,| (42 —420| |an+1
ant1 N an+1 L 0 an

=A

Xn42 = l: :l - AXn+1-
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Hence the recursive relation can be repeated to get
2 n
Xnp2 = Axpp1 = AXp2 = - = A'xp.

Now we try to diagonalize A. Since

pa(t) = det(A—tl) =

42 —t —420
1 —t

‘ = t2 — 42t + 420,

by solving it, we have two roots a = 21 + /21 and = 21 — v/21. |Corollary 4.1.16|tells us
A is diagonalizable. Let P be invertible such that P~*AP = [§ 2] then

Xn+2 = <P |:g 2:| P_l) Xo = P |:O(é)n 50,1:| P_1X2.

To find P it is enough to find all eigenvectors and put them together column by column.
The eigenvector corresponding to a is (a, 1)T and that corresponding to 3 is (83, 1)
hence

and thus the tedious computation yields

1 {anJrl _ Bn+1 aﬁn+1 _ OszrlB] N
2

Xn -~ n n n n
T2 a8 aB” —a"B

SO

a, = 72% ((eB™t—a" *B)ar+ ("1 = " Hay) .

The concept of determinant can be generalized to arbitrary linear map T : V — V

whenever V is finite dimensional:

Definition 4.1.21. Let V be finite dimensional, T' € £(V,V) and « a basis of V.

(i) We define det T = det ([T1,).
(ii) We define the characteristic polynomial of T', pr(t), by

pr(t) = det ([T]o — tI).

It is left as an exercise to check these definitions are independent of the choice of

bases of V' (see [Problem 4.13)). The definition of eigenvalues, eigenvectors and eigenspaces
can be extended to general vector space in an obvious way. The question of eigenvalues,

eigenvectors and “diagonalization” (existence of basis consisting of eigenvectors) can be
discussed through matrix representation by fixing a choice of base

(*)

(1)

I get these by solving the systems as before. We note that it is easy to check (a,1)” and (b,1)7 are
always the eigenvectors of [aJ{b _ab]. By these observations, it is easy to generalize the problem, i.e.,
find the closed form of a, defined by api2 + Aapy1 + Bap, = 0.

This is simple just for linear maps between finite dimensional vector spaces! The similar problems in
infinite dimensional spaces are studied in functional analysis, specifically in spectral theory.
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4.2. Singular Value Decomposition (SVD)

4.2 Singular Value Decomposition (SVD)

4.2.1 Matrix p-Norms and Frobenius Norm

We will adopt the following convention: For a matrix A : F" — F™ the p-norm (1 < p < 00)
of A is denoted by
[Allp = sup{[|Az]l, : = € F", [[x[|, = 1}.

| - llp o Myxn(F) is called matriz norm or more generally operator norm. This “norm”
really defines a norm on the vector space M,,«,(F). Another norm that is commonly used
is Frobenius norm: For A = [a;;] € My xn(F),
m n
1Al = VIAA) = | 303 Jag

1j=1

?

p-norm and Frobenious norm satisfy the following similar properties:

(i) [1ABI, < [IAllp [l Bl (i) [[Azll, < [ Allpllll
(ii) |AB|[r < [|AllFlIB|lF (iv) [ Az]2 < [|Allpllz]2
Special choices of p do have specific geometrical meanings, say p = 2 in this section.

We are able to compute matrix norms explicitly in some cases. For example, let a;’s be
column vectors of R™, from definition it is easy to show that

| | ]
A= a|1 a|n = 14l = max a1 (42.1)
ay 1
A= : = [[Alloo = max il (4.2.2)
an

In words, ||A]|; is the maximum (absolute) column sum, while ||A||s is the maximum (ab-
solute) row sum.

4.2.2 Heuristic Derivation of SVD

Let A be an m xn real matrix. We assume, and what we are trying to prove, that A(S"~!) =
{Az : x € S} is a “hyperellipse” (or just an ellipse when n < 3). Suppose also that m > n
and A is of full rank, then there are unit vectors uq, . .., u, in R™ which point in the direction
of semi-axises of the hyperellipse.

Y Y
A x— Ax 4 o1y

“1)2 /\

02U2

T /'I
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Chapter 4. Simplification of Matrices

We can describe a general construction for u;’s.

Step 1.
Find a vector uj € R™ € AS™~! that has largest length, call it a € R™, i.e.,

i ll2 = 14]lz := max{||Az]|z : = € R, [[]}2 = 1}.
Write v} = oyuy with [Jug || = 1.

Step 2.
Find another vector u} in AS™~ N (Ru))* that has largest length, i.e.,

lubll2 = max{||z||z : z € AS™~ N (Ru))*}.
Write uh = ooug with [|us] = 1.

Step j.
Find v € AS"' N Ru))LtN---nN (Ru}fl)J— that has largest length, namely,

42 = mas{alla = € AS™ A (R 1 (Rady )L,
Write u); = oju; with ||lu;|| = 1.

We can continue the process for j = 2,3,...,n. This is indeed how we find semi-axises of
an ellipse in R? and R2.

Now in the described procedure, the length of semi-axis in the direction of o; :=
|luf|l2 is in nonincreasing order, i.e., o1 > g3 > -+ > 0, > 0 (since we assume A has full
rank). Take a unit vector v; € A~ (oyu;) (recall that u; = o;u; € AS™™1), one has

01
A [Ul N rUn] — [ul e un]
|
=V On
Let Upi1,...,U%y, be orthonormal basis in (spang{ui,...,u,})", then RHS of the above
equation becomes
01
[u1 Un  Un+t1 U
On
=U
o

where O denotes a matrix with only O entries. One can rewrite the above as: AV = UX.
It will be proved that indeed {v;} is orthonormal, hence we can conclude both V U are
unitary, and we arrive to the expression

A=UXV".
Owing to this decomposition u;’s are called left-singular vectors, v;’s are called right-

singular vectors and “diagonal” elements (i.e., if ¥ = [d;;]mxn, diagonal elements are d;;’s)
are called singular values. These basically are all the motivation of the general result.

4.2.3 Proof to Existence of “Unique” SVD
In the following, O denotes a zero matrix of appropriate size.
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Theorem 4.2.3.
(i) Every matrix A € My, (C) has a SVD:

Ue mem(C) is unitary
A=Uxv? V€ Myxn(C) s unitary
Y € Mpywn(R)  is “diagonal”

Furthermore, the singular values o;’s, 01 > 02 > *++ 2 Omin{m,n}, are uniquely
determined.

ii) If A is square and o;’s are distinct, then the left and right singular vectors
j
{u;},{v;} are unique up to a multiplicative constant with modulus 1.

By examining each step in the following proof, it is no point to require the scalar field

be nonreal, therefore after the proof we record here as a direct consequence.
We start with C merely because the statement will be more comprehensive.

Proof. (i) The case that m = 1 or n = 1 is simple, let’s assume m,n > 2. Let
o1 = ||A||2, then due to compactness of {x € C" : ||z||2 = 1} in C™ and the continuity of
the map z — ||Ax||2, there must be v; € C™ with |Jv1]]2 = 1 s.t. ||Avi||2 = o1, so there
is u; € C™, ||uplla =1, Avy = oquy. Hence ||A]|2 is our first singular value.

Extend u; to an om. basis {uy,...,u,}t of C™ and v, to an omn. basis
{v1,...,0,} of C™. Let U; be the matrix with columns u; and V; be that with columns
v;, then

o1 ‘ w*
_ {u a“-aum} _ .
UfAV, = [A]{vll,...,vn} = o B =:S. (4.2.4)
Now
el e vl
Wllle Wille
this implies w = Q. Therefore Avy, Avs, ..., Av, € span{ug,us, ..., un},
_ {u a“-au'm}
B = [A]{vj,...,vn} '

Note that we have x 1. vy = Axz | Awvp, and the only assumption to derive

this result is ||Avy||2 = || A2, with [|v1]l2 = 1. We extract this as a technical corollary.

Corollary 4.2.5. Let A € M,,xn(C), v € C™ with ||v|2 = 1. Then if |Av|j2 = || A4||2,
wlv = Aw L Av.

The same is true when C is replaced by R.

Proof. Repeat what we have done so far, i.e., replace v by v; and ”2‘41]7”11”2 by u; in
the argument preceding the corollary. Then once w 1 v, one has Aw 1 Av, = Av.[J

To finish the proof let’s induct on k > 4, where m +n = k. Suppose any m X n
matrix with m+n =4,5,...,k — 1 has SVD with uniquely determined singular values
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in descending order. Then for m + n = k, by induction hypothesis, B = U2XV5" with
unique X, and the existence of SVD follows from the formula:

i (ol 0 1 [1]O0][a]O]]1]O
viani= [t |- [ote | [B1e] [ohz] - oo

Although ¥ is unique for smaller matrices, “>” for the matrix A depends on B, while B
is dependent on the choice of basis. Fortunately under any changes of (us, ..., %) and
(va,...,v,) to other o.n. bases, Uy and V5 will be replaced by other unitary matrices
and ¥ remains unchanged, hence singular values of A are unique. The proof is almost
completed by induction, except for the base case m+n = 4, which is obvious by .

(ii) Let’s assume A € M,,,,(C) is square. It is clear that o1 = ||A]|2 since ||A]|2
is the largest possible singular value of A. We first prove that if the right singular vector
of o1 is not “unique”, then oy is not simple, i.e., o1 is repeated in X.

Let Avy = oyuy, ||v1]l2 = |luillz2 = 1. Suppose there are other vectors w,w’ €
C", with ||w|]2 = w2 = 1 s.t. Aw = ojw’. For the sake of contradiction, let’s

assume w ¢ Cuvy, then the unit vector vy := %

|Ava]l2 < ||All2 = o1, the inequality cannot be strict, otherwise since w = cvy + svq

with [¢|? + |s]? = 1, we have

is orthogonal to v;. Now

ot = [[Awl3 = llcorus + sAva |3 = [cl?|on[* + [s|*| Ava 3 < o,

absurd. We conclude Avy, = ojus, for some unit vector us € ((Cul)J-. Now by the
corollary one observes that

A|(Spanc{vhv2})L : (span(c{vl,vg})l — (span(c{ul,ug})L,

and thus we can get a complete list of singular values with o; appears twice, a contra-
diction. Hence if o;’s are distinct, w € Cuvy, i.e., w and v; differ by a multiplicative
constant with modulus 1. It follows that u; is unique up to a complex sign. Finally since
Al(coyyr - (Cv1)* — (Cuy)t, by choosing the bases of these two spaces, the uniqueness
follows from induction on dimension of the square matrix. |

Corollary 4.2.7. Theorem is also true if all symbols C are replaced by R.

4.3 Jordan Canonical Form

4.3.1 Upper-Triangularization and a Brief Introduction to Jordan Form

Suppose we are concerned with complex matrices, then every complex matrix has at least

one complex eigenvalue by Not only that, if we consider the matrix A as a
map C" — C™, then we have the following;:

Theorem 4.3.1. Every square complex matrix can be made upper-trianglar under a change

of basis.
More precisely, we can find a basis {u1,us,...,u,} of C"™ such that, with P =
[ur -+ up], P"YAP is upper-triangular. i.e., A is similar to an upper-triangular matrix.
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Proof. We prove by induction on the size of matrices. The proposition is obviously true
for 1 x 1 matrix. Suppose every (n—1) X (n — 1) matrix is similar to an upper-triangular
matrix. Let A be n X n, then there is u € C™ \ {0} and A\ € C such that

Au = lu.
Extend {u} to a basis of C™: {u,v1,...,vp_1} and let P=[4 v1 --- Up—_1], then
A%
—1 _
poar=[) 3]

where A’ is (n — 1) X (n — 1), hence by induction hypothesis, there is an invertible
Q € M(y—1)x(n—1)(C) such that Q~'A’Q is upper-triangular. Let D = [§ ], then

D! = [1 91}, hence

0Q
11 |11 0 Aox |10 [A *
D P APD = |:O Q_1:| |:O A/ O Q - 0 Q—IA/Q 9
=(PD)-1
since PD is invertible, we are done. O

The key to the proof is the existence of eigenvalue, which is a major distinction
between (finite dimensional) real vector spaces and complex vector spaces.

'Theorem 4.3.1| can be directly translated to every linear T': V' — V| with V' a finite
dimensional complex vector space:

Theorem 4.3.2. Let V be a finite dimensional complex vector space and T : V — V linear,
then there is a basis {v1,va,...,v,} of V such that

T, € span{vy,va,..., vk}

foreach k=1,2,...,n

Proof. We fix a choice of bases « of V' and apply [Theorem 4.3.1| to [T],. O

Now we are going to show that under a change of basis, a matrix can be made not
only upper-triangular, but also in the following much simpler form:

Theorem 4.3.3 (Jordan Canonical Form). Let V' be a finite dimensional complex vector
space and T : V — V a linear map, then there is a basis B of V such that

J 0 -~ 0

0 Jyo - 0
Ts=1. . . .|

0 0 - Jp

where J;, called Jordan block, is a matrix of the form

A1 0 -+ 0

o x1 -0
[\l or :

0 0 0 1

0 0 O A
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The basis in Jordan canonical form theorem is called a Jordan basis, the adjective
“canonical” can be omitted for simplicity. Precisely, a Jordan form is a diagonal block
matrix whose blocks are Jordan blocks. We defer the proof of the existence of Jordan basis
to Section Before this section, we will build several preliminary results and also the
concept of generalized eigenspace which we are going to study.

4.3.2 Cayley-Hamilton Theorem

Definition 4.3.4. Let V be a finite dimensional complex vector space and T linear. We
denote pr the characteristic polynomial of T', namely,

pr = det(T — z2I).

Here det T is define to be det[T]g, for any basis B of V. It can be shown that det T’
is independent of the choices of bases of V.

Theorem 4.3.5 (Cayley-Hamilton). Suppose that V is a finite dimensional complex vector
space and T : V' — V is linear, then pr(T) = 0.

Given a polynomial ¢(z) = ag + a1z + - - - + a, 2", the symbol ¢(T") means
q(T) = aol + a1 T+ -+~ + a, T",

whereas in [Theorem 4.3.5| the statement pr(7T") = 0 means pr(T) is a zero linear map from
VitoV.

Proof. By [Theorem 4.3.2| there is a basis {v1,va,...,v,} of V such that
T, € span{vy,va,..., vk}

for k =1,2,...,n. Moreover, let B = {v1,...,v,},

(4.3.6)
0o .
0 0 M,
Hence pr(z) = det(T — 2I) = (—=1)3™V(z — X\;)(z — X2)--- (2 — A\n). Now to show
pr(T) = 0, we try to show for each k = 1,2,...,n, (T — M\I)--- (T — \pI)vy = 0. By
(4.3.6) we have Tvy = Ajv1, so the case that k =1 is done. Suppose that

0= (T - \I)
0= (T - All)(T - )\2[)1}2
0= (T - )\1.[) te (T - )\kfl.[)kal.
Since (T — A D)vg = Ty, — Aoy € span{vy, va, ..., Vk_1}, by induction we are done. [J
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4.3.3 Generalized Eigenspaces

Definition 4.3.7. Let V be a finite dimensional complex vector space and T : V' — V linear.
Let A be an eigenvalue of T', we define

E={veV (T -A)rv=03k>1},

called a generalized eigenspace with eigenvalue A. Every v € &, \ {0} is called a
generalized eigenvector with eigenvalue .

Of couse if we denote E) the eigenspace of T, then
{0} C E\ Cén.

Generally Ey # &,. For example, consider A = [} 1], the characteristic polynomial of A is
det(z] — A) = (2 — 1)?, so the only eigenvalue is 1. But A — I — [J}], hence

dim B\ =dimNul(A - 1) = 1.

However, (A —1)? =[38], so dimNul(4 — I)? = 2, it follows that £, 2 Nul(4 — I)? = R?,
S0
dimg,\ = 27

of course E) # £,. We also note that the following are equivalent:
(i) ve &\ {0}
(ii) v # 0 and thereisn > 1, (T'— AI)"v = 0.

(iii) There is k > 0 such that (7' — AI)*v is an \-eigenvector.

Theorem 4.3.8. Let V' be a finite dimensional complex vector space and T : V — V linear.
Let A\, pu be eigenvalues of T'.

(i) Ex = ker(T — AI)4mV,
(i) If pu # X, ExNE, = {0}.
(iii) If g # A, then (T — ul)|e, : Ex — &y is invertible.

Proof. (i) Consider the following:
{0} C ker(T — AI) Cker(T — X)2 C --- C ker(T — A\)3m™V C &
If there is k < dim V such that ker(T — M\ )* = ker(T — AI)**!, then
ker(T — M)* = ker(T — A\I)F™! = ker(T — A\I)F2 = ...

(check!) Thus we are done because &y = |J; ker(T —AI)* = ker(T — A\I)4™V_ If there
no such k, then for k =1,2,...,dimV, -

k < dimker(T — A)* = dim &y < dimV,
so we are also done by taking k = dim V.

(ii) Let v € &4\ {0}. For the sake of contradiction, suppose v € &,. Since
v € &y, there is k > 0 such that vy := (T — A )*v is a A-eigenvector. On the other hand,
there is also n > 0 such that (T' — pI)"vy, is a p-eigenvector. Then

T(T — p)" v, = (T — pI)"vpTvp = MNT — pl)" vy,
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thus (T — pl)" vy is A-eigenvector and p-eigenvector at the same time, a contradiction.

(iii) Let v € &y, then of course (T'— pl)v € €. Hence &y is (T — pl)-invariant.
To prove invertibility, it is enough to check injectivity. Let v € £\ and (T — pul)v = 0,
thenv € £, = v e &\NE, = {0}. That means
(T - ;LI)‘gA & — &

is injective, hence invertible. O

Theorem 4.3.9. Let V' be a finite dimensional complex vector space and T : V' — V linear.
The sum of all generalized eigenspaces is a direct sum.

Proof. Let Ay, ..., \; be the eigenvalues of T, let v; € £y,, ¢ =1,2,...,k be such that
v1+ve+ -+ v =0, (4310)

we need to show v1 = ve = --- = v = 0. To do this, for each ¢ =1,2,...,k — 1, choose
d; large such that (T — \;I)%wv; = 0, if we apply these operators to (4.3.10)),

(T = M D)M (T = XoD)¥%2 - (T — Ny )10y, = 0.

By (iii) of [Theorem 4.3.8} (T — )\i)lg)\k are injective, i = 1,2,...,k — 1, hence vy = 0.
We repeat the process to show vp_1 =wvp_o=---=v; =0. 0

Theorem 4.3.11. Let V be a finite dimensional complex vector space and T : V' — V linear,
then V is a direct sum of all generalized eigenspaces of T'.

Proof. Let A\i,...,\; be the distinct eigenvalues of T, we just need to show V C
Exy + -+ €,

Let € V, then pr(z) = (=14 V(2 = X))% ... (2 — A\ )%, by Cayley-Hamilton
Theorem pr(T) =0, i.e.,

(T — M D) (T = XogD)% - (T — N\ D) %2 = 0.

This shows that (T'— A\oI)% -+ (T — A\, I)%x € &,,. By (iii) of [Theorem 4.3.8|since each
(T' = XiD)|e,, : Ex, = Ex, (i=2,3,...,k) is invertible, there is w; € Ej, such that

(T — Mo D)% - (T = NeD) % (z — wy) = 0.

Above means that (T — A\3I)% - (T — M\ )% (z — wy) € Ey,, by (iii) of [Theorem 4.3.8
again and the same reasoning, there is wy € £y, such that

(T — X3D)% - (T — M D)% (2 — wy — wy) = 0.

The process can be repeated to obtain x = wy + wa + - - - + wyg, where w; € &y,. O

4.3.4 Proof of Jordan Canonical Form Theorem

We need the following lemma for the construction of Jordan basis.
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Lemma 4.3.12. Let V # {0} be a finite dimensional complex vector space and T : V — V

linear. Suppose that T™ = 0 for some m > 1 (i.e., T is nilpotent), then there is a basis
of V' of the form

a1 —1 ap—1
Uy, TUugy ... T Uy, ooy ug, T,y oo, T Tuy,,

where T%u; =0 for 1 <i <k.

Here we don’t exclude the possibility that that 7" = 0, but then necessarily a; =

a2:"':ak:1.

Proof. We prove by induction on the dimension. Suppose dim V' = 1, then we are done.
Suppose dim V' = k and every vector spaces of dimension less than k£ with a nilpotent
operator on it has a basis of the form described in the theorem. Note that T(V) C V,
otherwise

V=T(V)=TV)=--=T"(V) = {0},

a contradiction. As T'(V') is T-invariant, i.e., |7y € L(T(V)), and T' is nilpotent, by
induction hypothesis T'(V') has a basis

by —1 bp—1
v, Tvy, ..., T oy, oo v, TOk, .o, T7F g,

where T%v; = 0. Since v; € T(V), we choose u; € V such that Tu; = v;. Now
{T% 1y, :i=1,2,...,k} C kerT is linearly independent, we extend this to a basis of
ker T

{Tblilvl, . ,Tbkilvk, wy, Wa, ..., W}

We claim that
b b
uy, Tug, ..., T uy, oo g, T, ..., T7%ug, wy, wa, ..., w;

form a basis of V.

The linear independence is left as a routine checking. To prove it does span V,
we try to compare the dimension of V' and the number of the vectors. We note that
dimkerT =k + 1. Also, dimT (V) = by + ba + - - - + bi. Hence

dimV = dimker T 4+ dimT'(V)
=(k+1)+ (by+---+bg)
=01+ + -+ (b +1)+1 O

Proof of Jordan Canonical Form Theorem In the hypothesis V is a finite
dimensional complex vector space and T': V' — V is linear, [['heorem 4.3.11] asserts that

V=E,DE, D DEr,

where \; are eigenvalues of T. Hence N; := (T — \;1 )|5M is nilpoten and the result
follows by applying to N1, Na,..., Ni and noting that

T=N14+M)® - &N+ MNI):E\, D BEN, 2 EN DB EN,-

1)

It is because &£, = ker(T — \;[)4™V = ker((T — A\iI)|g, )H™V, thus (T — XNil)|g, : Ex, — &, s
nilpotent. ' '
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Specifically, {u1,..., N tuy, ... up, ..., Nt} be a basis of £y, where
Ni"u; = 0. Let’s order the basis in the reverse way:

B = {Nfl_luhN{“_Qul,...,u17 ,Nf’flul,Nf”Qul,...,ul}. (4.3.13)

If a1 = 1, then wu; is in fact an eigenvector. Let’s suppose a; > 2, then
T(N{tug) = AN~ hay
T(Nf1_2u1) = N{“_lul + AlN{“_Qul
T(N{ Puy) = N 2uy + A N9 Py

T(u1) = Niuy + A,
the matrix of T w.r.t. first a; vectors of B is of the form

A1
A1
A1
1
A1

Where the entries are all zero elsewhere. Continuing this process to the rest of vectors
in By, we see that [T]g, is a Jordan form. Now for i = 2,3,...,k, let B; be the
corresponding basis of &; ordered reversely as above, then let

B=BiUByU---UDBy,
then [T)p = @le[T]Bi is a Jordan form. O

The proof also reveals that Jordan basis exists in the following specific form:

Definition 4.3.14. Let V be a vector space, T': V — V linear and let v € V be a generalized

eigenvector of T" with eigenvalue A. Suppose p is a positive integer such that TPv = 0
but TP~ 1v # 0, then the ordered set

{(T = AP~ o, (T — AXI)P%0,...,v}

is called a cycle of generalized eigenvectors of T' with eigenvalue A. We say that
the length of the cycle is p.

In the proof of Jordan canonical form theorem, B; written in (4.3.13)) is a union of
[ disjoint cycles. In general, if a linear maps T : V' — V with dim V' < oo has k eigenvalues,

say A1, Ag,..., Ak, then the basis B; of &£,, due to [Lemma 4.3.12| applied to (T — )\i)|g/\i7

will consist of I; > 1 disjoint cycles of generalized eigenvectors of T' with eigenvalue A\;. The
collection of all such cycles forms a Jordan basis of T

Lastly we also mention the dimension of each generalized eigenspace.

Theorem 4.3.15 (Dimension of £,). Let V be finite dimensional and T : V — V linear. If
A1, ..., A\ are eigenvalues of V and pr(z) = (=1)3™V (2= X\)% (2 — Xg)%2 - (2 — \p, )%,
then

dim 5)% = dt
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Proof. Let U; = T, , by (iii) of [Theorem 4.3.8, \; is the only eigenvalue of U;, it

follows that py, (z) = (—=1)3™mVi(z — \;)9M& . Let B be a basis of £y,, extend it to a

basis BU B’ for V', then
T
[T)pup = [[ O]B :] ;

hence pr(z) = py,(2)g(z), for some polynomial g, i.e., py, divides pr, hence
dim &y, < d;. (4.3.16)
On the other hand,

n k k
dimV = dim <@5Ai> =Y diméy, <Y di=dimV,
i=1 i=1

i=1

hence none of the inequality in (4.3.16) can be strict, thus dim £y, = d;. (|

4.3.5 Dot Diagram

Throughout section [4.3.5 we fix a linear map T : V' — V', where V is a finite dimensional
complex vector space. Also, we fix a choice of eigenvalue A\ of T" and consider a fixed
eigenspace &£y. Since (T — AI)|g, is nilpotent, by theorem &) has a (Jordan)
basis consisting of [ > 1 disjoint cycles. We align each cycle as a column and arrange them
as in the way of the following dot diagram.

Dot Diagram of &€

o (T—ANPr=ty; o (T —\)P2~ 1oy o (T — AP~y
o (T —AP~20; o (T — X)P2~ 20, :

. ® U
o (T — A)vy ° Uy
[ ] 'Ul

As before, each p; > 1 and (T' — AI)Piv; = 0. Each dot above denotes an element
in the Jordan basis of £,. Moreover, as indicated in the diagram, from now on we will also
require

p1LZ=2p2 2= 2P

thus the size of Jordan blocks will be in descending order and in this way the Jordan form
representation can be unique. We denote by B, the set of dots (Jordan basis in £y) above.
Later, as in it will be found more convenient to write the dots alone when
determing the Jordan form of A without find the Jordan basis.

In [Theorem 4.3.17]and [Theorem 4.3.18| we will learn how to compute the number of
dots in each row in the dot diagram, thereby identifying the Jordan form that a matrix has!

Theorem 4.3.17. For each integer r > 1, dimker(T — AI)" is the number of dots in the first
r rows indicated in the dot diagram.

Proof. We observe that ker(T' — A\I)" C &, and we let N = (T — AI)"|¢, . It is obvious
that range N C £, and hence ker N = ker(T — A\I)". Let

Si={x€By:Nz=0} and Sy ={z€B,:Nz#0}.
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Now S; consists of precisely first » rows of vectors in the diagram. Let a = | 5]
and b = |Sz|, then a + b = dim &y, moreover,

range N = span{Nz : z € Sz }.

Since the effect of apply N to x € S5 is precisely shifting the dot « up by r dots, hence
{Nz:z € Sa}| =|S2| and thus dimrange N = b. By rank-nullity theorem,

dimker N =dimé&, — b = a,
hence S; is a basis of ker N = ker(T' — \I)", thus
dimker(T — AI)" = |S4]. O

In the next theorem, let’s for simplicity write rank T' to mean dimrange 7. A direct

application of [I'heorem 4.3.17] yields the calculation of dots in each row:

Theorem 4.3.18. Denote r; the number of dots in the ith rows of the dot diagram, then

r1 =dimV —rank(T — A\I)
and fori > 1,
r; = rank(T — AI)"™" — rank(T — \I)".

Proof. Applying r =1 in we have
r1 = dimker(T — M) = dim V — rank(T — AI).
Next by the number r; is nothing but the number of dots in

the first ¢ rows subtract the number of dots in first ¢ — 1 rows, thus we have

r; = dimker(T — M )" — dim ker(T — A\I)*~!
= dinTV — rank(T — \)* — (dinrV — rank(T — A\I)*™1)
= rank(T — AI)"™! — rank(T — \)". O

4.3.6 Examples

In this section we provide one example on the computation of Jordan form and Jordan
basis. Also we provide an example which is a well-known result in numerical analysis, in the
solution two proofs will be presented (one is due to me). It gives you a taste how a problem
can be simplified by studying its simplification.

Computational Example

Example 4.3.19. We try to find the Jordan form and also the Jordan basis of the matrix

2 -1 0 1
0 3 -1 0
A= 0 1 1 0
0 -1 0 3



4.3. Jordan Canonical Form

In general the easiest step is to find the Jordan form, thus it is usually first step. The
situation is similar to diagonalizable.

Since
det(A — tl) = (t — 2)*(t — 3),

The algebraic multiplicity of 2 is three, and that of 3 is one. Therefore by
dimé& =3 and dim& = 1.

The generalized eigenspace &3 is well understood. Next we focus on & and consider its dot
diagram in order to determine the Jordan form.

By [Theorem 4.3.18, r; = dim R* — rank(A — 2/), but

0 -1 0 1 0 -1 0 1 0 -1 0 1

0 1 -10 0 1 -10 0 0 -11
A-2l= 0o 1 -10/ 7o 0o 0o o0 0o 0 0 of°

0 -1 0 1 0 0 0 O 0 0 0 O

hence we have 1 = 4 — 2 = 2. As the dot diagram of &, can only have 3 dots, we know
that n = 1. So we get

Recall that each column represents a cycle (defined in |Definition 4.3.14)), therefore the
Jordan form of A, with eigenvalues listed in ascending order, is

O O ON
O O N
ON OO
w o O o

Next finding a Jordan basis is little more tedious, we need to be patient.

The Jordan basis in £3. It is easy to find, let x € Nul(A — 3/), then

-1 -1 0 1 1 1 0 -1
0 0 -1 0 01 0 O
A=3I=19 1 20/ 7loo1 o
0O -1 0 O 0 00 O
Therefore we have x, = x3 = 0 and x; = —x2 + x4 = xq, hence x = x(1,0,0, l)T, thus

(1,0,0, l)T is what we want.

The Jordan basis in £5. The first row of the dot diagram consists of vectors in
Nul(A — 2/), while the second row consists of vectors in Nul(A — 2/)?. So our strategy is,
firstly, we try to find v € Nul(A — 2/)? such that (A — 2/)v # 0, then the first column of
the dot diagram of &, is determined by v and (A — 2/)v. Next we find u € Nul(A —2/)\
span{(A — 2/)v}, then the second column is also determined.

Since
0 -2 1 1 0 -2 1 1
2|00 00 0 0 0 0
(A=21"=15 o o0 ol 7lo 0 o o
0 -2 1 1 0 0 0 0
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this shows us if (A —2/)?x = 0, then x, = 3x3 + $x5. And hence x = x((1,0,0,0)7

x3(0,3,1,0)7 +x4(0, 5,0,1)7, thus

1] [o] o
o o| |1} |1
Nul(A — 2/)* = span ol " 121 lo
0| |o] |2
0—-1 0 1
Note that A — 2/ = [g 1l g] —2/)(1,0,0,0)7 =0, (1,0,0,0)7 is not a suitable
0—-101
choice. Choose v = (0,1,2 ,O)T, we find that (A —2/)v = (-1,-1,-1,-1)" # 0. And

then choose u = (1,0,0,0)7 € Nul(A — 2/), then

-1 0 1 1
-1 1 0 0
—1]"12]"10]"1|0
-1 0 0 1

is the Jordan basis of A.

Remark. Although the eigenvalues in [Example 4.3.19] are all real, don’t forget our theory
bases on the existence of at least one eigenvalue. Thus sometimes we get at least one complex
eigenvalue, it is nothing wrong and don’t hesitate to repeat what we have done here.

Theoretical Example

For the upcoming example we define the following:

Definition 4.3.20. Let A € M,,«»(R). Denote o(A) the spectrum of A to be the collection

of all eigenvalues,
o(A) := {root of det(A — «I)} C C.

The spectral radius, is defined by
r(A) ;== max{|\| : A € a(A)}.

Here r(A) can always be defined as a matrix can just have finitely many eigenvalues.

Note that when Ax = Az and |\| < 1, then A¥z — 0 as k — oo. So we can control
the image Az if z is an eigenvector. Interestingly if the largest possible eigenvalue is small
enough in magnitude, then we can control the image of A*:

Example 4.3.21. Let A be an n x n matrix, we try to show that

lim Ax =0, forallxeR" < r(A) <1

n—o0

For simplicity let's write lim,_ ., A” = 0 to mean lim,_,,, A"x = 0 for all x € R". We first
finish the (=) direction, although it is not of our main interest.

(=). Let A € o(A) such that |A| = r(A). Since X is an eigenvalue, Ax = A\x for
some x # 0. By hypothesis we have lim,_, ., A"x = A"x = 0, hence there is an ng such that

[Ax|| < [Ix]] = [A] < 1.
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Solution 1 of («=). By [Theorem 4.3.1] we can upper-triangularize A by some

invertible P € M,x,(C), i.e.,

A b oo by

U papo | 2
' 0 0 oo

0 0 -\,

then Ue; = Aieg, and Ve = /\{el and hence || <1 = Uke; — 0. We complete the
proof by induction, assume there is k € N so that

lim ey, ..., lim We_1=0.
Jj—oo Jj—oo

We will show that e, — 0.
Since Ue, = Zf;ll bixei + Acex, we apply U/ on both sides to get Uitle, =
Zﬁ:ll bixUe; + M\ Uie,, and hence

k—1
U7 el < bl | Weil] + [l | Ve

i=1

By induction hypothesis lim;_, o Ve =0fori=1,2,...,k—1, so for every ¢ > 0 there is
an N such that _ '
n>N = ||Uf+lek|| < e+ | Akl U ex]|- (4.3.22)

For the sake of simplicity let's denote A = |Ax| and a; = ||/ ek||, then (4.3.22) becomes
n>N — aj+1 <6+/\aj,
where 0 < A < 1. A standard technique in elementary analysis shows us

lim a; = |Wex| = 0.

lim
Jj—oo Jj—oo

We conclude by induction that lim;_, e, = 0, therefore U/ — 0. Since A =
PU/P~1 we conclude A — 0 on C”", and of course, on R” C C".

Remark. The first proof above is elementary in the sense that only the upper triangulariza-
tion is needed which is an easy consequence of existence of at least one complex eigenvalue.
The second proof below will be a standard proof to this result.

Solution 2 of (<=). Let Ay, Aa, ..., Ak be the eigenvalues of A. By|[Theorem 4.3.3

there is an invertible matrix P € M, ,(C) such that

A
b

J:=P AP = _ :
Ji

where J; is the Jordan form of L4 w.r.t. the cycles in £,. Namely, there is a nilpotent
matrix N; such that J; = \;l + N;, where N,-d" =0, di = dim¢&,,. Note that by diagonal
block multiplication,

97



Chapter 4. Simplification of Matrices

to finish the proof it is enough to show that J — 0 for each /. Indeed, since J; = \ilg, + N,
we have for large m > dy, o, ..., dx,

m di—1
JM = (Nilg, + N)™ = Z <T> AN = Z (T) AN

r=0 r=0

For each r, since () is just a product of r linear factors in m, we have (T)A"~" — 0 when
m — oo, therefore J” — 0, and we are done.

4.4 Exercises

Eigenvalues, Eigenvectors and Diagonalization

Problem 4.1. Let A € M,,«,(R), show that there is § > 0 such that for every ¢ € (0, §),
A — tI is invertible.

Problem 4.2. If A is diagonalizable, show that each of the following is also diagonaliz-
able.

(i) A" n>1. (iii) p(A), p(z) is any polynomial.

(i) kA k € R. (iv) UYAU, U is any invertible matrix.

Problem 4.3. Show that for A € Ms,2(R), we have
det(A — XI) = A% — (Tr A)X + det A,

hence show that
(Tr A)® > 4det A

is a sufficient condition for A to be diagonalizable.

Problem 4.4. Let A € M, «n(R).
(i) Show that if X is an eigenvalue of A, then ¥ is an eigenvalue of A*.

(ii) Show that every eigenvalue of A is also an eigenvalue of AT. Give an example that
A and AT have different eigenvectors.

Problem 4.5. Suppose A € M,,«,(R) and that the sum of each row equals 1, show that
1 is an eigenvalue.

Problem 4.6. Let A be diagonalizable, show that det A is the product of all eigenvalues.
Problem 4.7. Construct a matrix that has no real eigenvalue.

Problem 4.8. Let A € M, »,(R), show that for any € > 0, there is ¢ with 0 < || < €
such that A — t¢I is invertible.

Problem 4.9. Show that any rank one matrix A € M, ., (R) is of the form ab” for some
a,b € R™. From this, prove that every rank one symmetric real matrix is diagonalizable.
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Problem 4.10. Let A € M,,x»(R), if rank A = k, show that A has at most k+1 distinct
eigenvalues. Give an example of rank k£ n X n matrix with k + 1 distinct eigenvalues.

Problem 4.11. Let A € M,;,xn(R) and B € M, »m(R). Also we let I, and I,,, be n X n
and m x m identity matrices respectively. Prove that

det(l,, + AB) = det(l,, + BA).

Problem 4.12. Let V be a finite dimensional real vector space and T : V' — V linear.
Suppose every nonzero vector in V is an eigenvector of T, show that then T" = kI for
some k € R.

Hint. For each v € V, let g(v) denote the eigenvalue of v (we say “the” because each
eigenvector cannot have two eigenvalues!). i.e., for each v € V' \ {0}, Tv = g(v)v. Show
that g must be constant.

Problem 4.13. Let T € L(V,V), show that for every pair of bases «, of a finite
dimensional vector space V', we have

det ([T]o) = det ([T]g) and det ([T]q —tI) = det ([T]g — tI).

Problem 4.14. Let

1 ) e n
n+1 n -+ 2 cee 2n

A= . . .
n—-n+1 n2—-n+2 --- n?

Prove that the characteristic polynomial ps of A is

nn?+1) , , n3n*-1)

pa(z) = (=1)" (m" - 12xn2) '

Hint. Show that rank A = 2 and that W :=span{(1,1,...,1)7,(1,n+1,...,n*—n+1)T}
is an invariant subspace of L4, i.e., Aw € W for all w € W.
Problem 4.15. Define T € L(R3?,R3) by

T($1,$2,$3) = (23?2,0,5.733),

find all eigenvalues and eigenvectors of T'.

Problem 4.16. Consider the linear transformation
T:P—P; Tf(x)=af(2),
where [P denotes the set of all polynomials.
(a) Find ker T'.
(b) Find a p € P\ rangeT.

(¢) Find all eigenvectors and eigenvalues of T
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Problem 4.17. Let V be finite dimensional, for a linear T': V' — V we define its trace
to be
Te(T) = Tr[T)a

for any fixed basis o of V. It can be shown that the value Tr(T") is independent of the

choices of basis, i.e., for any two bases «, 8 of V, Tr[T], = Tr[T]g (cf. [Problem 4.13]).

Now for an A € M, (R), we define L4 : My xn(R) = My, xn(R) by
La(X)=AXAT,
where -7 denotes the transpose of a matrix. Show that

Tr(Ly) = (TrA)? and det(Ls) = (det A)*".

Singular Value Decomposition

Problem 4.18. Using SVD, prove that any matrix in M, x, (C) is the limit of a sequence
of full-rank matrices. Or in terms of analysis, prove that the set of full rank matrices is
a dense subset of M,,x,(C).

Problem 4.19. By considering the SVD of A € M,,«x»n(R), say A = UXV*, find an
eigenvalue decomposition of the 2m x 2m symmetric matrix

O AT
A O’

where O denotes a zero matrix.

Jordan Canonical Form

Problem 4.20. For each of the matrices A that follow, find a Jordan form .J and an
invertible matrix Q such that J = Q~1AQ.

(-3 3 =2 [0 -1 -1
(a) A=|-7 6 -3 (c) A=|-3 -1 -2
1 -1 2 |7 5 6
[0 -3 1 2
[0 1 -1 -2 1 -1 2
(b) A= |—-4 4 -2 (d) A= -2 1 -1 2
-2 1 1 -2 -3 1 4

Problem 4.21. Let A be an n x n complex matrix. Prove that A and AT have the same
Jordan canonical form, and concldue that A and AT are similar.

Hint. Use[Theorem 4.3.18l and the fact that row rank = column rank.

Problem 4.22. Let A € Ms,2(R). Define

. A3 AP
smA:A—§+§f
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RHS converges in the sense that each entry converges to a number. Determine whether
it is possible that

0 1

Problem 4.23. Let A € M, x,(F) and rank A = r. Suppose that
TH(4) = Te(A%) = - = Tr(4") = 0,

prove that A"t = 0.
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Chapter 5

Inner Product Spaces

Throughout the chapter we will follow the convention that:

F denotes R or C

Instead of just being a vector space, we will impose one more structure on it such that many
geometrically intuitive concept can be generalized to abstract spaces. We will also introduce
the concept of orthogonal projection using orthogonal basis of a finite dimensional vector
spaces to solve certain best approximation problem.

5.1 Inner Product

Definition 5.1.1. Let V be a a vector space over F, an inner product on V is a function
(-,*) : V x V — F satisfying:

Linear in The First Variable

For every a € F and u,v,w € V, (u + aw,v) = (u,v) + a{w,v).
Conjugate Linear in The Second Variable

For every o € F and u,v,w € V, (u,v + aw) = (u,v) + au, w).

Conjugate Symmetric
For every u,v € V, (u,v) = (v,u).

Positive Definite
For every v € V, (v,v) > 0, and (v,v) =0 = v =0.

When F = R, the linearity in the first variable and the conjugate linearity in the
second variable are combined to called bilinearity. As a rule, whenever we mention a vector
space that is not closed under complex scalar multiplication, every label F in our results and
definitions should be replaced by R before we apply them.

Example 5.1.2 (Some Inner Products).

(i) For u,v € R", the standard inner product (also called dot product) on R" is defined
by

n
(u,v) :=u-v= Z u;v;.
i=1
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(ii) For u,v € C", the standard inner product on C", is defined by

n
(u,v) :=viu= Z ujv;.
i=1
(iii) We can define an inner product on C([-1,1],F) by

1
(f,g) :/ fgdx,
1

which is positive definite as (f,f) > 0 and (f,f) = f_ll f2dx =0 = f=0on
[-1,1].

(iv) On R”, every matrix A € M, (R) gives a bilinear functional

B(x,y) = x" Ay.

For it to be symmetric, we must require A be symmetri For a nontrivial example
that makes B into an inner product, let n = 2, set A = [_21 ’21], then B(x,y) =
xTAy = 2x1y1 — x1yo — xoy1 + 2Xay» is bilinear and symmetric, moreover,

x#0 = B(x,x) = (x1 — x2)> + xZ + x5 > 0.

(v) On P»(R) the following define an inner product: for p, g € P2(R),

(p.q) = p(—1)q(—1) + p(0)q(0) + p(1)q(1).

Note, however, that this does not define an inner product on P3(R).

In fact there is a class of matrices that share the same feature with part (iv) of

We name this class of matrices in the following definition.

Definition 5.1.3. A matrix A € M, «x,(R) is said to be positive definite if it satisfies the
following two properties:

(i) A is symmetric.

(i) (Az,x) = (z, Azx) = 2T Az > 0 for every x € R™\ {0}.

Later in [Theorem 5.7.2| we will learn a systematic way to determine a matrix is
positive define or not.

Remark. These matrices will be found very useful in applications, for example, the second
derivative test for multivariable calculus, the maximum principle for solutions of Partial
Differential Equations with (uniform) ellipticity condition, the Lyapunov stability for linear
systems of ordinary differential equations, etc.

Remark. In terms of dot product we have the following nice formula:
(Aw,y) = (x,ATy), (ATa,y) = (z, Ay).

If A€ M,x,(R) is positive definite, then (x,y) := z7 Ay defines an inner product on R™.

(*) This follows from the fact that B(e;, &) = B(ej, €;).
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Several remarks concerning inner products are in order:
e By bilinearity, we can prove that (0,v) = (v,0) = 0.

e When F = R, suppose (-, ) is proved to be symmetric, then (-,-) is bilinear iff it is
linear in one of the variables. When F = C, the conjugate linearity can be implied by
linearity of the first variable and conjugate symmetricity.

e Usually we adopt other brackets to denote inner products when there are more than
one in a vector space. Among the usual ones are [z,y], (z,y), (z,y), etc.

e Actually the matrix A in (iii) of [Example 5.1.2| can be written as A = PT P, where P
is an invertible matrix given by

1[-V2+V6 —v2-16
41 V2+V6 V2-V6 ]’

hence
(z,y) := 2T Ay = 27 PT Py = (Px)" Py = (Px, Py), (5.1.4)

where (-,-) denotes the dot product on R™. It follows that the bilinear functional
(w,y) := 2T Ay is positive definite.

This is not a coincidence, provides us a complete characterization of ALL
possible inner products on R™, each of them takes the same form as (5.1.4)).

In this chapter we mainly study the following class of vector spaces.

Definition 5.1.5. A vector space over F endowed with an inner product is called an inner
product space.

Example 5.1.6. R” itself is a vector space, we give it a dot product to turn it into an inner
product space.

Example 5.1.7. C([0, 1], IF) itself is a vector space, we give it an inner product

1
(Fg) = / F(x)g(x) dx

for every f, g € C([0,1],F) to turn C([0, 1], F) into an inner product space.

The way to turn a vector space into an inner product space is not unique. For every
continuous function w : [0, 1] — (0, c0) the inner product

(f.g) = / F(x)2(x)w(x) dx

also turns C[0, 1] into an inner product space.

Now we introduce a standard notation which helps us to distinguish different inner
product spaces.

Convention. We always use the notation (V, (-,-)) to mean V is a vector space with inner
product (-, -).
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For example, the inner product spaces (C([0,1],F), (-,-)) and (C([0,1],F),(-,-)) in
are considered different.

Remark. Every subspace W of (V,(-,-)) is also an inner product space with inner product
inherited from V, namely, we can turn W into (W, (-,-)).

Definition 5.1.8. By Euclidean Space we mean R" equipped with the standard inner
product, i.e., dot product.

Convention. From now on in F”, unless specified otherwise we always assume the notation
(-,+) means the dot product.

The notation (-, -) is more convenient than the standard dot - notation, we demon-
strate this in the following example.
Example 5.1.9. Let A € M, (R) be symmetric such that
—3A* +5A-3/ =0,
we try to show that A is positive definite.

We just need to verify (Av, v) > 0 (dot product) for every v # 0. By the identity
above, we have

5(Av, v) = (5Av, v)
= (3v +3A%,v) (property of A)
= (3v,v) + (3A%v,v) (bilinearity)

L 3)v )2 + 3] AvP? > 0.
(?!) is true because
(A%v,v) = (A(Av),v) = (Av, ATv) = (Av, Av) = || Av|°.

Finally, of course when v # 0, (Av, v) > 0, so we are done.

Definition 5.1.10. On a vector space X the function z — ||z is said to be a norm if

(i) ||zl > 0 and ||z|| =0 iff z = 0. (Positivity)
(ii) For every a € F and z € X, ||az| = |a|||z]|. (Scaling Property)
(iii) For every z,y € X, |l +y| < [lz|| + ||yl (Triangle Inequality)

Remark. By the way, a vector space endowed with a norm is called a normed space.
Norms will not be intensively studied in this text, this will be brought into consideration
only when the concept of convergence is involved which we study in mathematical analysis.

Definition 5.1.11. For v € (V, (-, -)), we denote
[o]l = V/{v,v)

the “norm” induced by (:,-).
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The fact that || - || is a true norm follows from (ii) of [Theorem 5.1.13] Thus we have
no doubt to call || - || a norm which must satisfy properties listed in [Definition 5.1.10}

Example 5.1.12. The norm induced by the inner product on (V, (-, -)) satisfies: forall u,v € V,
[u+ v[* = [[ul® + [v[]* + 2 Re(u, v).
This results from direct expansion:

||u—|—v||2:<u+v,u—|—v>
={(u,u+v)+{v,u+v)
= [Jull® + (u,v) + (v, u) + [|Iv]]?
= [lull® + [[vI* + 2 Re(u, v).

For complex vector space we note that
Re(u, iv) = Re(—i{u,v)) = Im(u, v).
This formula is useful when we also want a statement in terms of Im(u, v) instead of Re(u, v).

Next we derive the most fundamental properties of inner products.

Theorem 5.1.13. In (V,(-,-)), the inner product (-,-) satisfies the following:

(1) Ku,v)| < lullflv]. (Cauchy-Schwarz Inequality)
(i) flu+ v < [Jull + o] (Triangle Inequality)
(iii) 2(J|ul® + ||Jv[|?) = ||u+v||* + ||u — v||% (Parallelogram Law)

Proof. (i) Let a € F,|a| =1 be such that a(u,v) = |(u,v)|. For every ¢t € R,
0 < [tou + ]| = [lul]** + 2[(u, v) |t + [|v],
which means that the polynomial on the RHS either has one or has no real root, thus

(20w, 0)])? = 4llul?ol* <0 = [{w,v)] < ulllv].

(ii) By direct expansion,
lu+oll < flull + ol <= [lu+vl* < (Jull + vl)?* <= Re(u,v) < [lullv],
the latter one is true by (i).

(iii) It follows similarly from direct expansion. O

Remark. It is Parallelogram Law that’s found to be also sufficient for a norm being induced
by an inner product. Namely, we have the following result:

A norm || - || on a vector space X is induced by an inner product if and only if
| - || satisfies the parallelogram law.

The proof will not be presented here as it is not in the scope of this text. This is
a standard result usually proved in analysis course which studies inner product spaces and,
in particular, Hilbert spaces. The readers are left to learn the proof in these courses.
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Chapter 5. Inner Product Spaces

An inner product space is better than a vector space since many geometrical concept
can be abstracted.

Definition 5.1.14. Let (V, (-,-)) be an inner product space.
(i) Let u,v € V. u,v are said to be orthogonal if (u,v) =0, denoted by u L v.
(ii) {v1,...,v,} in V is said to be orthogonal if

(vi,v;) =0 whenever i # j.

(iii) {v1,...,v,} in V is said to be orthonormal if it is orthogonal and ||v;|| = 1 for
i=1,2,...,n.

Note that by definition, orthogonal set is allowed to contain a zero element, while
orthonormal set does not.

Theorem 5.1.15. Let {vy,vs,...,v,} € V be an orthogonal set of nonzero vectors of
(V,{-,-)), then v1,va,..., v, are linearly independent.
Proof. Let a; € R be such that
aivy + asvs + -+ -+ ayv, =0,
we do inner product on both sides with a; to get
(a1v1 + agva + - -+ + apvp, a;) =0,

hence a;|v;||> = 0. As v; # 0, |lv;|| # 0, thus a; =0, for i =1,2,...,n. O

Example 5.1.16 (Some Orthogonal Sets).

(i) The standard basis of F" is orthonormal.

.. . 1
(i) Define (-,-) on Po(R)|[-1,1 = {pli-1.1 : p € Pa(R)} by (p,q) = [ ; pgdx. The
Legendre polynomials on [—1, 1] are defined recursively by

pp=1 pi=x and (n+1)ppy1 = 2n+ 1)xp, — np,—1 for n > 1.

px's are mutually orthogonal. Indeed, they satisfy

1
2
/1 Pm(X)pn(x) dx = mémn.

Hence by|Theorem 5.1.15} po, ..., p, forms a basis of P,(R)|[1,1j since dim P, (R)|[_1,1) =
n+ 1.

We give the first few Legendre polynomials here:

Po(LL') =1
Pi(z)=2x Py(z) = %sz -1)
Psy(z) = %(5:53 — 32) Py(z) = é(35x4 — 3022 + 3)
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1 1
Ps(z) = g(63ac5 — 702° + 15x) Ps(x) = E(Q?’Mﬁ — 3152% + 10522 — 5).

They arise naturally in physics (when solving PDE) and come to be the solution of the 2nd
order ODE:

% ((1 - IQ);Z) +n(n+1)y = 0. (5.1.17)

Define the linear map
d df
= (12X
@) =1 (@=L @),
solving (5.1.17) becomes an eigenvalue problem Qy = —n(n + 1)y. The general study of

the orthogonality among solutions corresponding to different eigenvalues is contained in
Sturm-Liouville theory. One may google it for detail, this is important for physics students.

Orthonormal set provides us a natural decomposition of every vectors in an inner
product space. Also with the help of orthonormal basis, all inner products look very similar
to standard inner product on F".

Theorem 5.1.18. Let W be a subspace of (V, (-, -)) with orthonormal basis a = {w1, ..., wg}.
(i) For every w € W, w = Zfﬂ(w,wi)wi.
(11) For z,y e W, <m,y> = <[x}ow [y}oz>'
Proof. (i) Suppose w = ajwy + - - - + agwg, then
(w,w;) = (a1wy + - + apwg, w;) = a;l|w;]|* = a;.

(ii) Let z = Zle x;w; and y = Zle yiw;, then

k Kk k

k k
(z,y) = <Z xiwi,Zijj> = sziyﬁ(wi,wﬁ = 2_ @il = {[zla; [Wa). O

5.2 Orthogonal Complement

Definition 5.2.1. In (V, (-, -)), the set
St:={veV:(vs) =0, forallscS}

is called the orthogonal complement of S in V.

It will be seen very soon that orthogonal complement provides us a simple way to
decompose a vector space into direct sum of subspaces. Before that we check that orthogonal
complement always has a good linear algebraic structure.

Theorem 5.2.2. In (V,(-,-)), let S be a subset of V, then S= is a subspace of V,

Proof. 1t is a routine verification of (i), (ii) and (iii) in [Definition 2.4.1 O
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In we only require S be a set, not a subspace. If we also require S

be a subspace, then we get more interesting properties:

Theorem 5.2.3 (Properties of Orthogonal Complement).
(i) Let S CV and 0 € S, we have

SnS+t={0}.
(ii) Let W1, Wy be subspaces of V, then
(W1 + Wo)t = Wit nwit.

Proof. (i) Let z € SN S, then (x,s) for every s € S, take s = x, we have ||z|| = 0, so
z = 0.

(ii) Let x € (W + Wa)t, we try to show x € Wi N Wik, Since (z,v) = 0 for
all v € Wy + Wa, {x,v) =0 for all v € Wy and also all v € Wy, so z € Wit N W, thus

(W1 + Wo)t C Wi nwit.
Conversely, let z € Wi- N W5, then for every w; € Wy and every wy € W,
(x,w1), (T, we) =0 = (z, w1 +ws2) =0,
so (z,w) = 0 for all w € Wy + Wa, thus z € (W; + Wa)t, so

Wi n Wit € (W 4+ Wa)t. O

5.3 Gram-Schmidt Orthogonalization Process

Let’s visualize our “orthogonalization” in R®. Let’s consider a set of three vectors {P,Q, R}
(drawn below) that are linearly independent and we try to “orthogonalize” them.

Step 1. We fix a vector v; = P as our “starting element”.

Step 2. We search for a vector in span{v;, Q} that is orthogonal to v;. To do this,
we do “projection” of @ onto span{vi} to get Pyyanfo, 1@, then we let

(Q ) Ul)vl )

[[oa]?

vg 1= Q — Pspan{vl}Q =Q -
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Step 3. We search for an element in span{vy, vy, R} that is orthogonal to both vy
and vy. For this, we project R onto span{vi,va} to get Pspanfu, v} R, then we let

(R-v1)vy n (R'UQ)’UQ) '

[[or][* [[v2|>

vz = R — Pspan{vl,vg}R =R- <

The process above can be generalized to every n dimensional subspace W of a vector
space V provided a basis of W is already known.

Theorem 5.3.1 (Gram-Schmidt Process). Let W be a finite dimensional subspace of (V, (-, -

Given a basis {uy,...un} of W, v1,vs,...,v, constructed below
U1 = U
(ug,v1)
Vo = U2 — 5 U1
[[v1]]
V3 = U3z — <u3’v1>vl _ <’LL3, v2>’l)2
[[v1]? [[v2]]2 (5.3.2)

<upﬂvi>
Up = ’U,p — Z H’Uz-||2 (]

i<p

are mutually orthogonal, p = 2,3,...,n, hence by |Theorem 5.1.15, {v1,...,v,} is an

orthogonal basis of W.

Proof. The orthogonality is just a routine verification, we leave the proof as an exer-
cise. O

Remark. Using (5.3.2) we can reduce any linearly independent set of vectors into an or-
thogonal set which spans the same space. Dividing each resulting vector by its norm (this
process is called normalization), we get an orthonormal set.

Gram-Schmidt processes provides us with a partially constructive proof to the fol-
lowing important result:

Theorem 5.3.3 (Existence of Orthonormal Basis). Every finite dimensional inner product
space V' admits an orthonormal basis.

Proof. By |Theorem 2.6.8| V' has a basis, by (5.3.2) and normalization, we can reduce

this basis into an orthonormal set. O

5.4 Orthogonal Projection

5.4.1 General Definition
To make sense of the upcoming definition one needs to know that whenever 7' : V. — V
satisfies T? = T,

V =kerT @ rangeT. (5.4.1)
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This is because for every v € V,
v=(v—Tv)+Tv,

while v — Tv € ker T and Tv € rangeT. Moreover, if v € ker T'NrangeT', one easily shows
that v = 0, so the sum is actually a direct sum. In conclusion, every map 7' : V — V that
satisfies T? = T generates a direct sum decomposition of V.

Furthermore, suppose we can give V' an inner product, we also study when the
direct sum generated by such a map (satisfying 72 = T') will be an orthogonal sum, namely,
when will ker T" 1 rangeT'.

Definition 5.4.2. Let V be a vector space over F and T': V' — V a linear map.
(i) We say that T is a projection if 72 = T.

(ii) ¥V = (V,{(.,-)), we say that T is an orthogonal projection if T is a projection
and the direct sum
V =kerT ®rangeT

is orthogonal.

Example 5.4.3. Define T : Myxn(R) = Myxn(R) by

A+ AT

T(A) = YA € Moxn(R).

T is a projection. Indeed, for each A € M,,,(R),

A+AT> | AAL G ATEA p T

T?(A) = T( 5 5 5 T(A),

as desired. By the discussion preceding|Definition 5.4.2|we have M, ,(R) = ker T @®range T.

Denote Sym,(R) = {symmetric matrices} and Ssym,(R) = {skew-symmetric matrices},
Mo n(R) = range T @ ker T = Sym,(R) @ Ssym,,(R).

Suppose we turn M,y ,(R) into an inner product space by defining (A, B) as in|Problem 5.1
for A, B € Mpxn(R), then the direct sum is easily shown to be orthogonal. Hence

T: (Mnxn(R)r <'v >) — (Symn(R)v <'v >)

is an orthogonal projection.

5.4.2 Orthogonal Projection onto Finite Dimensional Subspaces

In the rest we mainly focus on the orthogonal projection defined in the following definition.
Note that we just require W be finite dimensional, while V' is as “big” as we want.

Definition 5.4.4. Let W be finite dimensional subspace of V' and {wy,...,w} its orthog-
onal basis, then we denote the linear map Pw : V — W defined by

Pyuv = Z w, for each v € V. (5.4.5)
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We will prove that the map Py is well-defined. Namely, the vector Py v is inde-
pendent of the choices of orthogonal basis of W, therefore it makes sense to speak of Py
without specifying the orthogonal basis of W we use. We will state this result precisely in

orollary 5.4.8

Remark. The reason to study orthogonal projection can be seen in[Theorem 5.4.13] Namely,
orthogonal projection gives us an explicit construction of a solution to optimization problems
in linear algebra setting.

Remark. Py defined in is usually called

the orthogonal projection onto W.

The reason for using each underlined term will be clear after we go through
[Corollary 5.4.7 and [Corollary 5.4.8}

For|Theorem 5.4.6] and [Corollary 5.4.7 let’s suppose Py is defined by fizing a
choice of an orthogonal basis {wy,ws,...,wi} of W.

Theorem 5.4.6. Let W be a finite dimensional subspace of (V, (-,-)), then:
(i) P = Pw. (Projection)
(ii) (Pwu,v) = (u, Pyv). (Self-Adjoint)
(i) Pw |, = Iw.

(iv) range Py = W and ker Py = W,

Proof. (i) Indeed,

i=1 i=1
k k
— <v7wl> <wi7wj>w7 _ <’U’wl>w1 —
=22 fwil2 Jlwyl> 2 [Jws|[? e,
i=1j=1 Wi w; - 1w

thus Py is a projection.

(ii) By direct expansion,

k k k
(Pyu, v) = <Z (u, wi)w; v> _ Z <uvwi>.<wi7v> () Z (u, <U»@i>wi> = (u, Pyov).

20
i=1 i i=1

Here () holds since (u, w;){w;, v) = (u, w;){v,w;) = {u, (v, w;)w;).

(iii) suppose x € W, then there are aq,...,ar € F such that
T, W;
T =ayw + - Fapw, = (2,w;) = ail|wil]? = a; = <|7~;‘||12>,
K3
thus
k k (2, 03)
T = Zaiwi = Z ||7~;’||12 w; = Py,
i=1 i=1 ¢
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as desired.

(iv) range Py = W since range Py C W and PW|W = Iw. For the next
equality,

z €ker Py <— Pyzr=0 << (Pyz,w)=0,YweW

— (r,Pyw=w)=0YweW < zc W O

Now we justify the name that Py is indeed an orthogonal projection onto W.

Corollary 5.4.7. Let W be a finite dimensional subspace of (V,{,-)), then Py, defined in
(5.4.5)) is an orthogonal projection.

Proof. By (i) of [Theorem 5.4.6| Py is a projection. By (ii) of [Theorem 5.4.6| we have

ker Py, L range Py, it is because for u € ker Py and Py v € range Py,

(u,v) = (u, Pwv) = (Pwu,v) = (0,v) = 0. O

It is a natural to ask what happens if the orthogonal projections are constructed by
two different orthogonal bases, will they be different? The answer is NO:

Corollary 5.4.8. Let W be a finite dimensional subspace of (V,(-,-)), then Py defined in

Definition 5.4.4)is well-defined. That is, given two orthogonal bases {w1, ..., wg}, {w, ...

of W, we have

k
(v, wi)w; _ Z (v, wi)w;

[ lwill®

k
=1 i=1

forallveV.

Proof. By (5.4.5) we get Py by using the orthogonal basis {ws,...,w;}. Replacing
w;’s in (5.4.5) by w}’s, we get another orthogonal projection Pj;,. Now [Theorem 5.4.6

can be applied to both Py and PJ,, in particular, by (iv) of [Theorem 5.4.6| for every
veV,

v=Pyv+ (I — Pw)v = Ppv+ (I — Pjy)v .

€W cker Py =W+ EW  cker Pl,=W+

However, by (i) of [Theorem 5.2.30 W NW+ = {0}, and also by (ii) of [Proposition 2.4.10]

the summing way is unique, i.e., Pywv = Pjv. (]

(i) and (iv) of [Theorem 5.4.6| directly gives the decomposition:

Corollary 5.4.9. If W is a finite dimensional subspace of V, then

V=Waow't and WHt=w.

Usually we say that the direct sum W @ W is orthogonal since for every u € W
and v € W+, (u,v) = 0.
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Proof. Let o be an orthogonal basis of W and use it to construct Py : V — W, the

orthogonal projection onto W. Then (i) of [Theorem 5.4.6|says that Py is a projection,

thus by (5.4.1)),
V = range Py & ker Py,

then by (iv) of [Theorem 5.4.6, V = W @ W+.

It remains to check (W)t = W, it follows from definition that W C (W=+)=L.
Conversely, let z € (W+)L, then there are u € W,v € W+ such that = u + v, then

v=z—ue(WHt+wW=WHt = ve WHtnw,
therefore v = 0 by (i) of [Theorem 5.2.3| and thus = = u € W, so (W)L C W. O

In the following example we use A* to mean (A)T, i.e., it is the conjugate trans-

pose of A. For example, [§ }]* = [’li (1)] It shares almost all features with transpose. For

example, under standard inner product in F"?, (A*z,y) = (x, Ay). We also use * to express
the standard inner product on F": (x,y) = y*x. When F =R, y*z = y T z.

Example 5.4.10. Let A € M,,»»(F), and F™, F" be given standard inner products. Conjugate
transpose and orthogonal complement are related by the following identities:

(i) (Col A)* = Nul A* (i) (Col A*): = Nul A
(i) (Nul A)* = Col A* (iv) (Nul A*)* = Col A

To show these, we just need to prove (i) and the rest will then follow from this and
Gy 529, Now

x € NulA* <= A*x=0 < (A*x,v) =0,Vv e F"
“— (x,Av) =0,Vv € F" <= x € (Col A)*,

that said, Nul A7 = (Col A)+.

Remark. A simple application of gives
iff Col A = F™ iff (Col A)* = (F™)L iff Nul A7 = {0} iff
The result (W)t = W in |Corollary 5.4.9 can be false if W is infinite di-

mensional. In general it is easy to prove W C (W=)+. In analysis we further know
(WH)+ =W, where - denotes the closure with respect to the norm induced by the inner
product. We give a specific counter example below which requires a result in real analysis.

Example 5.4.11. Let P = P(R)|01 = {plp1 : p € P(R)}, then P is a subspace of the inner

product space C([0, 1], R) with the inner product defined by (f, g) = fil fgdx. Let -+
denote the orthogonal complement in C([0, 1], R), we try to prove that

(PH)* = C([0,1],R).
By definition,
1
fe(PH)y = / fgdx =0 forall ge Pt
0
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What is P17 Let g e P+ then
1
/ gpdx =0 for every polynomial p on [0, 1].
0

But g is continuous on [0, 1], by Weierstrass approximation Theorem in analysis there is a
sequence of polynomials {p,} such that p, — g uniformly on [0, 1], thus

1 1 1
O:/ gpndx foralln = 0= lim / gp,,dX:/ g2 dx,
0 0 0

n—o00
hence by continuity g =0 on [0, 1].
The logic says that P+ C {0}, thus P+ = {0}. Therefore
(PH)" = ({0})* = C([0,1], R).
Example 5.4.12. Let v = (1,2,1)7 € R3, and W = span{(1,0,1)7,(1,1,0)7}, let's compute
Pyv.
Step 1 (Find an orthogonal basis of W). Let
v =(1,0,1)7 and w=(1,1,0)".
We use the Gram-Schmidt process ,

1
w=u= |0, [w|*=2
1
next,
(2, 1) U @07 o7 |t 1/2 3
Vo = u >vi=|1| — 0] = 1 clwel? = =
”VlH 0 2 1 _1/2 2

Step 2 (Project v to W). We apply the formula of Py in (5.4.5)) to get

17 1 : [1/2] /
PWV:Z<||VQ;H;>Vf: [%LM (1) +M 3/211/2 111/22 :% %

5.4.3 Application of Orthogonal Projection to Obtain “Minimizer”

explains why we spend time on orthogonal projection. The map Py : V —

W itself has many well properties explained in [Theorem 5.4.6] Apart from that, certain
minimization problems, possibly in calculus, can be translated to linear algebra setting, and
the next theorem shows us linear algebra can settle the problem quickly.

Theorem 5.4.13. Let W be a finite dimensional subspace of V', then Py v is an element
such that
lv — Pwo| <||lv—w| forallweW.

Remark. In[Theorem 5.4.13] Pyv € W minimizes the distance ||v — w|| for w € W. We will

show that such minimizer is unique in [I’heorem 5.4.14
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Proof. Let v € V and w € W, then

o —w|]? = [|(v = Pwv) + (Pwv — w)[2 2= [lv — Pwo|? + | Pawo —w]]? > [[v— Pwo||.

Here (%) holds because v — Pyv € ker Py = W+, Ppyv —w € W and W L W+, O

eorem 5.4.13| has a very good geometric interpretation:

The picture also suggests that when wy is a minimizer, i.e., [[v — wpl|| < |Jv — w]| for
all w € W, then (v—wg) L w for every w € W. Let’s turn this geometrically straightforward
observation into a rigorous proof.

Theorem 5.4.14 (Variational Principle). Let W be a finite dimensional subspace of (V, (-, -)).
(i) wo € W minimizes the distance from v to W:
lo—wl, wew
if and only if v — wg € W,

(ii) The minimizer above is unique.

Remark. The existence of wy € W is guaranteed by

Proof. (i) (=) We fix a w € W and define a function f: R — R as follows:
f() = |lv —wo + tw|* = |Jv — wol|* + t3||w||* + 2t Re(v — wp, w),

the second equality follows from [Example 5.1.12l Now f(¢) > f(0) for every t € R,
f attains a local extreme at 0, so f’(0) = 0. Since f/(t) = 2t||w||? + 2Re{v — wo, w),
17(0) = 0 becomes

Re(v — wq, w) = 0.
When F = R we are done. When F = C, we can replace w by iw (since iw € W) to
conclude

Im(v — wg, w) = 0,
so (v — wp,w) = 0. Now this is true for each fixed w € W, we conclude v — wy € W+.

(<) Assume v — wy € W, then for every w € W,
lv = w]]* = [|(v = wo) + (wo — w)|* = [lv = wol* + [Jwo — w|* > v — wo|*,

therefore wgy minimizes the distance from v to W.

(i) Let wg be defined as in (i) and let w’ € W be such that ||jv — w'|| < |jv — w||
for every w € W, then v — w’ € W+ by (i). Now both v — wg,v —w’ € W+, hence

wo —w' = (v—w)— (v—wy) € WNW* ={0}. O
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Example 5.4.15. Let y = (7,4,7)7 € R3 and let V be a subspace of R® spanned by

v =(1,2,3)7 and wu=(4,56)".
Let’s find the distance from y to V in 4 different ways:
(a) Find a u € V that is closest to y by orthogonal projection.
b) Find a u € V that is closest to y by constructing a normal equation.

(b)
(c) Find a u € V that is closest to y by the property of minimizer given in|Theorem 5.4.14
(d)

d) Construct a matrix P € M3, 3(R) such that

[Ix = Px|| < [lx = v]|
for all x € R3 and v € V. What is Py?
(a) By Gram-Schmidt process we orthogonalize u; and u; to

1 12
vi= |2 and v = 7 3
3 —6

Where |[vi||> = 14 and |[v2||> = 2. If we use this orthogonal basis of V' to construct the

orthogonal projection: For each x € R3,

(x,vi)vi (X, v2)v2
[va ]l [|vall?

Px = (5.4.16)

The u € V we need is Py € V, since ||y — Pyl|| is least possible among {|ly —v| : v € V}.

Now
7 1 7 12
. 1 1 . 12
_p vt | (v {‘71] [5} 5 7[‘7‘] [—36}1 3| — 2
CEYETGE T vl T s A I
1 2 3 7 -6 6

(b) Let's construct A = [é%} then ColA = V. The system Ax = y has no

solution, but the best possible that we can do is to choose an element a € Col A such that
a is closest to y. To do this, consider

ATAx = ATy, (5.4.17)

then the solution xp to this system will satisfy ||y — v|| > ||y — Axo||, for all v € Col A. Thus

what we want is u = Axp.

Let’s try to solve (5.4.17]), a direct computation shows that (5.4.17) is the same as
14 321 136
32 77|~ |90]"

. . . _ -2 _ _ 14} ) :{6}
a direct calculation yields x [ 5 ] Hence u = Ax [%g [ ] 6.

2

(c) An element a € Col A minimizes the distance {||y — v|| : v € Col A} if and only

y—aly, VVECOIA

(1)

Essentially this is the idea that we use to construct normal equation in (b) since y — a € (Col A)* iff
AT(y — a) = 0). But this “orthogonality method” also works for minimization problem that is not in
R". In particular, it works for some finite dimensional function spaces in which the language of matrices
is not applicable, say the collection of all polynomials with degree at most n.
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It is worth illustrating how simple the orthogonality method is. Let a = x E} +vy {g} that
minimizes the distance, then
1 4 14x + 32y = 36,
y—a, |2 =(y—a, |5 =0 =
thusx=—-2andy =2,sou= [g].
2 -1
(d) The projection matrix is given by P = A(ATA)1AT = 1 [_315 2 } so u =

Py = [g} We will explain the formula in detail in Section

Of course the computation of P above is very tedious.

Given an orthonormal basis, why don't we just find the standard matrix of the
orthogonal projection constructed by this basis? Recall the formula in ((5.4.16]), we have (on
simplification)

<[] [, = (4] T
P(x)=—32 |2| + —== | 1
14 3 21 )
so we get
1] [ 4] [ 5
1 4 1
Pel =— |2 + — 1 = = 2
14 3) 21 2] 6 -1
9 1 1 4 1 2 1 5 2 -1
3] |—2] 2] -1 2 5
[1] 4 [—1
-2 1
Pe3:13—4 2 +% 1 =5 2
13] -2 | 5

where the computation is much simpler!

Remark. If v1, v, € R? given are already orthonormal at the beginning, then the projection
matrix is extremely easy to compute. Namely, let A = [v1 v2], then

P = A(ATA)LAT = AAT.

Remark. The projection matrix in (5.4.18) is symmetric. Indeed the standard matrix of
any orthogonal projection must be symmetric, see |Problem 5.10| for detail.

Example 5.4.19. We try to find p € P3(R) such that p(0) =0, p’(0) =0 and

1
/ (2+3x — p(x))2 dx
0
is as small as possible. Note that it is the same as finding pg in the vector space
W = {p € P3(R) : p(0) = p'(0) = 0} = {a3x® + aox? : a3, a € R}

such that
{l2+3x—p|: pe W}
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is minimized by po, where the norm is induced by the inner product (f, g) = fol fgdx. We
can find py by two methods.

Method 1 (Projection method).

Step 1 (Find an orthogonal basis in W). It is clear {x?, x3} is a basis of W.
We use Gram-Schmidt process ([5.3.2)) to find an orthogonal basis of W.

1
1
fi=xt A= [ (2 dx=g
0
3f> <x3x2> 5 1
f:3_<Xv1 _ 3 _ ' 2_,3_2.02 £12 = _
T AR " P Te M

Step 2 (Compute projection). Now the minimizing element is

2+ 3x, f;
= Puf2 30 =30 220,

<2+fix,x2>x2+ <2+3X"1<3 — ) ( 3 0 2) = —%x3+24xz.

5 252

Method 2 (Orthogonality method). In (i) of [Theorem 5.4.14| we have shown

that pp is an minimizing element if and only if 2+ 3x — pg € W*. Let pg = a3x> + axx?,

then:
as an 17

(24 3x — (a3x® + 22x%), x%) = 0 — {0 T T2
(24 3x — (a3x® + a2x?),x3) =0 ﬁ_FQZE
7 6 10
By solving it, we have a; = 24 and a3 = —203/10.
5.5 Least Square Approximation
Let A=Ja1 -+ Gn] € Mypxn(R) with aq,a9,...,a, € R™. Let b € R™, although

Az =D

may not have solution, generally we can still try to find out ag € Col A such that [|b — ao]|
is minimized. To find such ag, we try to minimize

|b—all, a€ ColA,

the minimizing element ag € Col A exists by [Theorem 5.4.13] also ag is such an element if
and only if b—ag € (Col A)* by (i) of [Theorem 5.4.14] hence aq is a minimizer if and only if

b—ag L ay,as,...,an,

or equivalently,
AT(b — a()) =0.

Writing ag = Axg for some zg € R™, we obtain the normal equation (associated to the

vector equation Az = b)
(AT A)zo = AT{E]

(1) Alternatively, we can obtain this equation by multivaribale calculus. Let A = [ax -+ ap] and

fml (z)
define f(z) = ||b — Az||?, one can show that fo, (z) = —2aFb— > xja?ak, and hence |: : :| =

fon (@)
—2(ATb — AT Az). So we get the normal equation when V f(z) = 0.
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WLOG we may assume the columns of A are linearly independen in this case
A is of full rank and necessarily m > n. Now AT A is an n x n matrix and rank ATA =
rank A = n (by [Problem 2.21)), hence AT A is invertible, thus

xo = (AT A"t ATy,

and the minimizer ag is Arg = A(AT A)~1ATb. However, by|[Theorem 5.4.13} the orthogonal
projection of b € R™ onto Col A is also a minimizer, and [Theorem 5.4.14] guarantees the
uniqueness of such element, hence

Pcor ab = A(ATA)ilATb.

We summarize it as a theorem.

Theorem 5.5.1. Let V be a proper subspace of R" (i.e., V.# R"™) and {v1,vs,...,v;} a
basis of V.. Then the orthogonal projection onto V' is given by
Pyx = A(ATA) 1 ATy,

where A =[v1 -+ Ug].

5.6 Spectral Theorem

5.6.1 Linear Functional and Adjoint

Let V' be a vector space, a map ¢ € L(V,F) is called a linear functional. L(X,F) is
also called the dual space of V', denoted by V*. Dual space is an important concept in
analysis, which provides us the notion of weak convergence, a weaker mode of convergence
than the convergence in norm (which recovers “compactness” that starts to be lost in infinite
dimensional vector spaces).

For finite dimensional vector space, every element in V* can be easily understood.

Theorem 5.6.1 (Riesz Representation). Let (V, (-,-)) be a finite dimensional inner product
space, for every ¢ € V* = L(V,F), there is a unique w € V such that ¢(-) = (-, w).

Remark. The theorem actually holds for Hilbert space, a larger class of vector spaces than
finite dimensional spaces, which we will not need in the rest of this text. Also there are
several versions of Riesz representation theorem, mostly in real analysis, that are totally
different from the statement we have, but they indeed bear the same last name.

Proof. We establish existence first. For this, let {wy,...,w;} be an orthonormal basis
of V. Then for every linear functional ¢ : V' — F and for every v € V, since

k
v=" (v, w)w,
i=1

we have

k k k

o0 = o (3t ) = 3 wmdeti) = (3= Hww ) = ()
=1 i=1 =1
(8)  Otherwise we abandon finitely many of them, replace A by A’ = [@n; -+ @ng], the problem is not

changed.
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for some w € V with

k
w = Zcp(wl)wl (5.6.2)
i=1

i.e., there is w € V such that ¢(-) = (-,w). Moreover, such w must be unique since
whenever (-,w) = (-,w’) on V,

(vyw—w)y=0, YWweV = |u—-v|=0 = w=uw" O

Note that the proof of [Theorem 5.6.1] provides us a explicit construction of the “w”
using the formula (5.6.2)).

Now we introduce the concept of adjoint operator. Given a linear map T : V — V
we can define a ¢ € V* by ¢(-) = (T'(-),u). Then there is a unique w € V such that
o(+) = (-,w). We note that this w € V corresponds only to T and u, we denote this w by
T*(u). Therefore, for every v € V and every (fixed) u € V,

(Tv,u) = (v, T"u). (5.6.3)
Proposition 5.6.4. T* : V — V defined above is linear.

Proof. By definition, fix u,w € V, for every « € F and v € V, we have

(v, T*(u + aw)) = (Tv,u + aw)

(
= (Tv,u) +a(Tv,w)
= (v, T"u) + (v, aT*w)
= (v, T"u+ aT"w).

Therefore (v, T*(u + aw) — (T*u + oT*w)) = 0 for every v € V, and hence
T (u+ aw) = T u + oT*w. O

One can easily verify that the linear map from V' to V that can satisfy (5.6.3) for
all u,v € V is unique. Therefore we can define the following:

Definition 5.6.5. In an inner product space (V, (-, -)) the map T* : V' — V that corresponds
to T :V — V is called the adjoint of T. Namely, T* : V — V is the unique linear map
such that

(Tv,u) = (v, T*u), forall u,v e V.

Taking adjoint is pretty much the same as taking transpose:

Proposition 5.6.6. Let (V,{-,-)) be an finite dimensional inner product space and S, T :
V — V linear. For c € F:

(i) (T +cS)* =T*+eS* (i) (TS)* = S*T* (iii) T** =T
Proof. (i) For every u,v € V,
(u, (T + ¢S)*v) = (Tu + cSu,v) = (u, T*v) + (u,eS™v) = (u, (T* +S™)v).
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5.6. Spectral Theorem

As this is true for every v € V, we have (T + S)* =T* 4+ S*.
(ii) It follows similarly.

(iii) We take complex conjugate on both sides of (Tw,u) = (v,T*u) to get
(u, Tvy = (T*u,v), therefore for every u,v € V,

(u, Tw) = (T*u,v) = (u, T"*v). O

The main property that we need for adjoint operator is (5.6.3)). Bearing this property
in mind, we go through some computational examples:

Example 5.6.7. Let A € M,»,(F), what is L}? Let x,y € F", then
(x, Lay) = (Lax,y) = (Ax,y) = (x, A"y) = (x, Lay),

therefore This shows that the use of the notation * for adjoint operator is
consistent with conjugate transpose. Indeed adjoint and conjugate transpose are closely

related, we shall see this in eorem 5.6.9

Example 5.6.8. Consider the linear operator T : R® — R3 given by
T(x,y,z)" = (4x +y,5y,62)".
What is T* : R3 — R3? To find this, let x, y, z, a, b, ¢ € R, then

(x,y.2)T, T*(a b,c)") = (T(x,y,2)", (a, b,c)")
= (4x +y)a+5yb+6zc
= x(4a) + y(a+5b) + z(6¢)
= ((x,y.2)", (42,a+5b,6c)7).

Therefore T*(a, b,c)” = (4a,a+5b,6¢)".

The computation of 7™ in general can be tedious, but this becomes very simple with
the help of orthonormal basis.

Theorem 5.6.9. Let (V,(-,-)) be a finite dimensional inner product space. For every or-
thonormal basis «, we have

("] = [T

o

Proof. First of all, given an orthonormal basis « of V, by (ii) of [Theorem 5.1.18| for

every u,v € V|
(u,v) = ([u]a;, [v]a)-

Therefore for every x,y € F", choose u,v € V such that [u], =z and [v], =y, then

= (Tu,v) (5.6.10)
= ([T)az,y)
= (=, [T]5y)

As this is true for every z,y € F", we are done. O
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Definition 5.6.11. Let (V,(-,-)) be a finite dimensional inner product space. A map T :
V — V is said to be self-adjoint if T* = T.

We have seen that projection map Py : V' — W onto a finite dimensional subspace
is a self-adjoint linear map. In fact these self-adjoint linear maps can all be obtained from
Hermitian matrices:

Theorem 5.6.12. In a finite dimensional inner product space (V,(-,-)), let T : V. — V be
linear, the following are equivalent:

(i) T :V — V is self-adjoint

(ii) For every orthonormal basis oo of V, [T]% = [T]a.

Proof. (i) = (ii) is just a direct application of [Theorem 5.6.9] For (ii) = (i) we imitate
the computation in ([5.6.10)). (]

For example, every symmetric matrix A € M,,«,(R) naturally gives a self-adjoint

linear map from R™ to R™ because by
LY =La = Lyr = La.

Every Hermitian matrix also gives a self-adjoint linear map from C" to C™ due to the same
reason. Later we will prove the important result, Spectral Theorem [5.6.19] which asserts
that every self-adjoint linear map always has an orthonormal basis consisting of eigenvec-
tors, therefore every symmetric matrix and Hermitian matrix do have a basis consisting of
eigenvectors, i.e., they are diagonalizable. The development of this theorem usual starts
with the class of normal operators in the next section:

5.6.2 Normal Operators

We start with a brief introduction to normal operator on finite dimensional inner product
spaces. This serves as a transition to the proof of Spectral Theorem [5.6.19

Definition 5.6.13. Let (V,(-,-)) be a finite dimensional inner product space. A linear oper-
ator T': V — V is said to be normal if

TT* =T"T.

For example, self-adjoint operators and unitary operators are obviously normal. We
also define normal matrices due to the following result:

Proposition 5.6.14. Let A € M, «,(F), the induced linear map L4 is normal if and only if
AA* = A*A.

Proof. This is simply because
Lol =L4La < LaLa- =La-Ly <= AA" = A"A.

Here we take matrix representation w.r.t. standard basis in the last <. O
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Definition 5.6.15. A matrix A € M,,»,,(F) is said to be normal if

AA" = A% A.

The crucial property of normal operators that we frequently use is: They share the
same set of eigenvectors with their adjoint:

Theorem 5.6.16. Let (V,(-,-)) be a finite dimensional inner product space. If T is normal,
then for A € F andv € V,

Tv =M < T*v= .

In other words, 7" and T™ have slightly different eigenvalues and v is an eigenvector
of T if and only if v is an eigenvector of T*.

Proof. Suppose Tv = v, to prove T*v = Av, we note that
T*v =M <= (T"v— v, T*v — \v) =0
= [(T*v,T*v) — (v, T*0)] + [(Av, Av) — (T*v, Av)] = 0.
The last equality holds. Indeed, the first bracket vanishes because
A, T*0) = (v, T*(\)) = (v, T*Tv) = (v, TT*v) = (T*v, T*v).

Likewise the second bracket vanishes because

v, \v) = (v, \(\)) = (v, \Tv) = (T*v, \v). O

We end this section with the basic properties of eigenvalues and eigenvectors of a
self-adjoint operators.

Theorem 5.6.17. Let (V,{-,-)) be a finite dimensional inner product space. If T is self-
adjoint, then:

(i) All eigenvalues of T are real.

(ii) Eigenvectors corresponding to different eigenvalues of T are orthogonal.

Proof. (i) Let A € F and v € V be nonzero, by [Theorem 5.6.16| we have

self-adjoint

v ="Tv T*v = v,
therefore (A — N)v =0. Asv #0, A — X = 0.

(ii) Let u,v € V be nonzero and Aj, A2 € F be such that Tu = \ju, Tv = Agv
and A; # A2. By (i) all eigenvalues are real, therefore \; € R, i = 1,2, and hence

self-adjoint

Ay, v) = (Mu,v) = (Tu, v) (u, Tv) = (u, Aav) = Aa(u, v),
thus (A\; — A){(u,v) = 0. Since A\; # Mg, necessarily (u,v) = 0. O
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5.6.3 The Spectral Theorem for Real and Complex Matrices

In this section we establish the existence of “eigenbasis” for several classes of operators on
V. It will be made apparent that complex eigenvalue is an indispensable ingredient to the
proof even for real vector spaces.

Recall that a subspace W of V is said to be T-invariant if T'(WW) C W. We have
already used the concept of invariant subspace to decompose an operator in Section

Lemma 5.6.18. Let (V,(,-)) be a finite dimensional inner product space. A subspace W
is T-invariant if and only if W+ is T*-invariant.

Proof. Suppose W is T-invariant, let v € W+, we show that T*v € W=. Let u € W,
then

(u, T*v) = (T'u,v) =0,
the last equality holds because Tw € W and v € W+. Therefore T*v € W+.

Now the converse follows because T** = T.. O

Theorem 5.6.19 (Spectral). Let V be a finite dimensional inner product space.

(i) IfF = C and T : V — V is an normal operator, then there is an orthonormal basis
consisting of eigenvectors of T'.

(ii) If F =R and T : V — V is self-adjoint operator, then there is an orthonormal
basis consisting of eigenvectors of T'.

Proof. (i) We will prove by induction on dimV. When dimV = 1, the normalized
nonzero vector in V' will do. Suppose now the statement holds for every complex inner
product space with dimensional less than k£ := dim V.

By [Lemma 5.6.20| below there is nonzero wy; € V' such that Tv = Awy, for some
A € C. Let W = span{w }, as W is T-invariant, W+ is T* invariant by [Lemma 5.6.18

Since
T wo W+ > wt

is normal (why?), by induction hypothesis there is an orthonormal basis {ws, w3, ..., wr_1}
of W+ consisting of eigenvectors of T*. Since T is normal, by [Theorem 5.6.16|ws, . . ., wy,
are eigenvectors of 7.

(ii) We first show that 7" must have at least one eigenvector. Let a be an

orthonormal basis of V', let A = [T, € M, x»(R) which is symmetric by [Theorem 5.6.9

Claim. Every symmetric matrix S € M, «,(R) has real eignevalues.

Proof of the Claim. Consider S as a vector in M, »,(C), then det(S — zI) has
aroot A € C, so Lg : C* — C" has eigenvalue A. Since Lg is self-adjoint (recall

Example 5.6.7), A must be real by [Theorem 5.6.17| O

By the claim there is an eigenvalue A € R of A, so there is nonzero z € R™ such that
Az = dx. If we let v € V be such that [v], = z, then Tv = Av. Hence we have
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shown that every self-adjoint operator on real vector spac has an eigenvector with
real eigenvalue.

Up to this point we can repeat the argument in the second paragraph of (i) to
finish the proof since T is normal, T and T share the same set of eigenvectors. (]

Lemma 5.6.20. Let V be a finite dimensional complex vector space. Every linear operator
T :V — V has at least one eigenvalue.

Proof. Choose a basis « of V' and consider the matrix A = [T],, by [Corollary 4.1.3

there is at least one eigenvalue A € C, therefore [T],z = Az for some nonzero x € C™.
Choose v € V' \ {0} such that [v], = x, then Tv = Av. O

For the next immediate corollary, we introduce the following terminology.

(i) We say that a matrix A € M, «,(R) is orthogonally diagonalizable if there is an
orthogonal matrix P € M,,x,(R) (i.e., PTP = I) such that PT AP is diagonal.

(ii) We also say that a matrix A € M, «,(C) is unitarily diagonalizable if there is an
unitary matrix U € My, x,(C) (i.e., U*U = I) such that U*AU is diagonal.

Mheorem 5.6.19 tells us:

Corollary 5.6.21.
(i) Symmetric real matrices are orthogonally diagonalizable.
(ii) Hermitian complex matrices are unitarily diagonalizable with only real eigenvalues.

(iii) Unitary Matrices are unitarily diagonalizable.

Proof. Given a matrix A € M,,«,(F), apply the Spectral Theorem [5.6.19to L 4 in each
part. O

If you want to solve the following on your own, please ignore the solution here for
the moment and try to think about it first.

Example 5.6.22 (HKUST UG Math Competition Senior Level). Let A and B be 3x2 and
2 x 3 matrices respectively. If

8 2 -2
AB=1|2 5 4],
-2 4 5

then determine the rank of AB and determine all possible answers of BA.

Solution. Since AB is symmetric, by [Corollary 5.6.21| we know that AB is diagonaliz-

able. To find the rank, we may find all out all eigenvectors first.
Since det(AB — M) = —A(\ — 9)2, the only eigenvalues are 0 and 9.
For A =0: The AM is 1 and thus the GM is also 1.

(1) Actually with the same argument, every self-adjoint operator on (V,{(-,-)) over F has a real eigenvalue.
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For A =9: The AM is 2. However, AB is symmetric, it is diagonalizable, thus
GM must also be 2.

Hence there are linearly independent eigenvectors vy, vs,v3 of AB such that

ABv; = 0, ABvy = 9ve and ABv3 = 9vz. Thus |rank(AB) = 2| and it follows that

BA(Bvy) =9Bve and BA(Bvs) = 9Bus.
Note that Bvy and Bws are linearly independent since
xBvy +yBvs =0 = zABvs + yABv3 =0 = 9203+ 9yv3 =0 = z =y =0.
Let P =[Bvs Bus], then

9 0

P YBA)P = [0 9

] = BA=POIHP =9I,

where [ is a 2 x 2 identity matrix.

Another linear algebra problem from the HKUST UG Math Competition is pre-
sented in You may take a look ©.

5.7 Sylvester’s Criterion for Positive Definiteness

In this section we focus on real symmetric matrices. Recall that from |[Definition 5.1.3| a
matrix is said to be positive definite if it is symmetric and 27 Az > 0 for all 2 # 0, moreover,

by all symmetric matrices are orthogonally diagonalizable.

Theorem 5.7.1. A real symmetric matrix is positive definite if and only if all its eigenvalues
are positive.

Proof. Let A € M, «,(R) be symmetric and let vq, v, ..., v, be orthonormal eigenvec-
tors of A with Av; = \;v;, for some \; € R.
(=) Suppose A is positive definite. Since Av; = \;v;, taking v} on both sides,

0< ’UZ-TA’Ui = Al”’l}sz = \; > 0.

(<) Suppose all eigenvalues are positive, then for z = Y"1 | a;v; # 0,

2T Az = Zn: Zn:aiajviTAvj = Zn: Zn: )\jaiajviij = zn:)\ia? > 0. O
i=1

i=1 j=1 i=1 j=1

Therefore to prove a symmetric is positive definite, it is sufficient (and also neces-
sary) to show all of its eigenvalues are positive. We end this section by discussing the nice
computational criterion for positive definiteness.

Theorem 5.7.2 (Sylvester’s Criterion). Let A = [a;;]nxn be real symmetric. Then A is
positive definite if and only if

det[aij]lxl, det[aij]zxg, ey det[aij]an > 0.

128



5.7. Sylvester's Criterion for Positive Definiteness

The scalar det[a;j]ixr is called the kth principal minor of A. Note that the
assumption that A is symmetric doesn’t affect its applicability since ALL quadratic poly-
nomial in n variables can be rearranged to have “symmetric coefficients” (we demonstrate

this in [Example 5.9.3]).

Proof of (=) of|Theorem 5.7.2. This is simple because if we let

= (x1,29,...,25,0,...,000 = (&7,0,...,00T, zeRF

then

k k

ko k
T Az = Z Zmixj (eiTAej) = Z Z TiTja; = iT[aij}kxki, (5.7.3)

i=1 j=1 i=1 j=1

this shows us Ay := [a;j]kxk 1S symmetric and positive definite. By [Theorem 5.7.1| all

eigenvalues of Ay are positive. Since det Ay is the product of all eigenvalues of Ay,
det A > 0. O

Our proof to (<) direction of[Theorem 5.7.2|will be adapted from George T. Gilbert,
Positive Definite Matrices and Sylvester’s Criterion, The American Mathematical Monthly,

Vol. 98, No. 1, Jan., 1991, which proceeds with the following lemma:

Lemma 5.7.4. Let A € M,«,(R) be a symmetric matrix. If there is a k dimensional
subspace W of R™ such that w? Aw > 0 for every w € W \ {0}, then A has at least k
positive eigenvalues.

Proof. Let vi,vs,...,v, be eigenvectors of A with Av; = A\;v;, for some \; € R (which
always exists since A is symmetric). Relabelling if necessary, we assume

A2 A > 2> A

If span{vy, Un_1, ..., Vmy1} is too large (i.e., when m is too small), then it must intersect
W nontrivially. Specifically, whenever (n—m)+k > n (iff £ > m), then |[Example 2.7.10
tells us

span{vn, Un—1,--- 7’U’H’L+I} nw 7é {0}7
therefore there is a; € R such that w =" . av; € W\ {0} and

n n
0<wlAw = Z )\ia? < A1 Z a?.
1=m-+1 i=m—+1

Now necessarily A\p,411 > 0, i.e., A1, Ag, ..., Ay > 0, we take m = k — 1 to finish the
proof. O

Proof of (<=) of|Theorem 5.7.2. We prove by induction on n, the case that n =1 is
trivial. Suppose now every (n— 1) x (n — 1) symmetric matrix with all principal minors
positive is positive definite.

Let A € M, «xn(R) be symmetric and have all principal minors positive, for
every v = (Z7,0)T, # € R""1, one has

" Az = 2" ([aij](n-1)x (n-1)) &
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from the computation in . By induction hypothesis, [ai;](n—1)x (1) 15 positive
definiteness, hence 27 Az >0 for all z € W = {(#,0) : € R* 1} By A
has at least n — 1 positive eigenvalues. Since det A > 0, the remaining eigenvalue must
be positive. O

If we examine every proof carefully, in each of the results when the word real sym-
metric is replaced by Hermitian and when R is replaced by C, we find that nothing in the
proof can go wrong. Therefore as a direct consequence of the proof we have:

Theorem 5.7.5 (Sylvester’s Criterion). Let A = [a;]nxn be Hermitian. Then A is positive
definite if and only if

det[aij]lxl, det[aij]zxg, ey det[aij]an > 0.

5.8 Polar Decomposition

5.8.1 Positive Matrices and Unique Positive Square Root

In this section every matrix A such that (Az,z) > 0 for every = will be called a positive
matrix. Since the Sylevester’s Criterion work for real and complex matrices, in this section
we pay all of our effort to C", the complex Hilbert space. The notation (z,y) = y*z will
always denote the standard inner product on C™ which is conjugate linear in the second
variable.

The first reason we stick with complex Hilbert spaces is due to the following result:

Theorem 5.8.1. Let A be a matrix in M, «,(C). If A is positive, i.e., if (Ax,z) > 0 for
every x € C", then A is self-adjoint.

It is worth noting that the proof of below (including the claim) carries over to the
general case when C" is replaced by any complex Hilbert space H and A is replaced by any
positive operator 7' : H — H. Also note that positive matrices can be singular, they may
not be positive definite.

Proof. First of all we claim that:
Claim. If (Az,z) = 0 for every x € C", then A = 0.

Proof. It follows from the following computations: For every z,y € C",
0= ((A(z +iy),z +iy) = —i{Az,y) +i(Ay, z)

and
0= (Alz+y),z+y) = (Azx,y) + (Ay, x),

therefore we have (Ax,y) = 0 for every z,y. In paricular, Az = 0 for every z € C*.0

Now it is given that (Az,z) > 0, therefore (Ax,x) = (Az,z) = (z, Azx) = (A*z,x), and
therefore ((A — A*)z,z) = 0 for every « € C™. Now by the claim we are done. O
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The following is an immediate application of Spectral Theorem:

Theorem 5.8.2. Every positive matrix A has a unique positive matrix S such that A = S2.
We call S the positive square root of A.

Proof. We show the existence first. By A is self-adjoint, hence by
Spectral Theorem in the previous section, P~'AP = D for some P invertible and some

D diagonal. Since A is nonnegative definite, D = diag(\1, A2, ..., \y,), where \; > 0 for
all i. If we define DV/2 = diag(A\\/%, AY/2, ..., A\Y/?), then

S = pp'Y/2p-1

satisfies S2 = PDP~! = A, and of course S itself is positive.

As for uniqueness, let’s still denote S a positive square root of A. Since T is
self-adjoint, there are A1, ..., A; such that

k
C" = Pker(T — A 1).
i=1

Again by Spectral Theorem S is also diagonalizable, let v € ker(S — AI), then Sv = Av
and thus Tv = A2, therefore A = \/)\; for some i. Moreover, since S is self-adjoint and
since ker(S — v/A\;I) C ker(T — \;I) for each i, this set inclusion cannot be proper due
to the direct sum above, we conclude ker(S — /A;I) = ker(T — \;I) for each i. Which
means that Sv = /A;v for v € ker(T — \;I), S is uniquely determined. O

Now we can discuss the main theorem of this section:

Theorem 5.8.3 (Polar Decomposition). Let A be an n x n matrix over F = R or C, then
there is a unitary (orthogonal when F = R) matrix U and a positive matrix P € My, (F)
such that

A=UP,

where P = v/ A* A, the unique positive square root of the positive matrix A*A.

Proof. First we observe that
|[VA*Az|? = (VA* Az, VA*Ax) = (z, A*Ax) = (Az, Az) = || Az|?,
therefore ||[v/A*Az|| = ||Az||. Now we define an isometry:
S1 : range VA*A = range A; VA* Az — Az,

this map is automatically well-defined since it preserves norm. Namely, if v A*Ax =

V A* Ay, then
[VA*A(z —y)| = [[A(z — )| = 0,

so Ax = Ay.

Now if we can extend S7 to a unitary operator S on F”, then we will have for
every ¢ € F",

S(VA*Ax) = S1(VA*Az) = Az,
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and we will be done. Since Sy is injective, dimrange v A* A = dimrange S; necessarily.
We let {u1,...,ux} be an orthonormal basis of (range vV A*A)L and {v1,...,vx} be that
of (range S1)*. We now define

So : (range\/A*A)J‘ — (range Sl)J‘; ajul + -+ apug — avr + - - - + apvk.

Finally we define S = S; & S5. It is a direct verification that S preserves length: for
u € dom S7 and v € dom S5, we have

IS(u+v)[|* = |Su+ Sv]|* = [|S1u + Savl* = [|S1ull® + [|S2v]?,
since u = vV A* Az for some x € F™ and ||Sov|| = ||v||, we have
1S (u+ )| = [S1(A* Az) | + ||v]|* = | Az|]* + ||v]*
= |V A Az|* + o]
= [[ull® + vl = [lu+ %,

as desired. Since preserving length is the same as preserving inner product, thus S must
be unitary. 0

For every n x n matrix A, the matrix v A*A is often called the positive part of A.
Since it is analogues to decomposition of complex numbers that z = ¢*|z|, it is also common
to denote |A| = vV A* A, therefore for every matrix A, there is a unitary matrix U such that
A = U|A|. With this notation, it can be easily checked that a matrix is normal if and only
if |A| = |A*| (set A= UP, say).

5.8.2 Second Proof of Singular Value Decomposition

In the following let’s give a second proof of Singular Value Decomposition shown in Section
The proof below will not include the uniqueness of left and right singular vectors—which
has been done in Section .2

Theorem 5.8.4. Every matrix A € M,,,«»,(C) has a SVD:

U € Mywm(C)  is unitary
V € Myxn(C)  is unitary
A=UXV* Y€ Mpyxn(R) is “diagonal”

Furthermore, the singular values 0;’s, 01 > 02 2+ 2 Owin{mn}, are uniquely
determined.

Proof. Let A be any n x n matrix over F first, then A = S|A| for some unitary
(orthogonal when F = R) matrix S. We may assume A # 0, since |A| is positive
definite, by Spectral Theorem there is a unitary matrix (orthogonal when F = R) V and
diagonal ¥ such that

A=S[VEV*] = (SV)SV* = ULV,

where U = SV is unitary (orthogonal when F = R). We can further arrange columns of
V such that ¥ = diag(oy,...,0,) with 07 > 02 > --- > 0, > 0. They are unique since
they are eigenvalues of the unique square root of v/ A*A.
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Now suppose that A is an m X n matrix. In order not to insert “(orthogonal
when F = R)” everytime, let’s use the term F-unitary with obvious meaning.

W.Lo.g. let’s assume m > n (otherwise consider AT). Extend A to a square by
adjoining it an m x (m — n) 0 matrix O, then by what we have just proved there are
m X m dimensional F-unitary matrices U and V such that

[A O] =UxzV*, (5.8.5)

where ¥ = diag(oy,...,0,) with 01 > 09 > -+ > 0, > 0. Note that ¥ is uniquely
corresponded to [A O].

By our definition, for every ¢ > n,
m
0=UXV*e;,=U <Z crkekv,’;(ei)> ,
k=1
since U is invertible, we have
orvy(e;) =0 for each k =1,2,...,m and for each i > n.

In particular, if rank A = r, then 0,41 = 0 (and then o; = 0 for every ¢ > r), and we

then have v} (e;) = 0 for every k =1,2,...,r and ¢ > n. In other words,
V1, U €F? X {0m—n}- (5.8.6)
Now multiplying both sides of (5.8.5) by {1”5”} , we have
A=USV .,
where V¥, is the left m x n part of the matrix V*. Denote D = diag(oy,...,o0,)—the

upper left n x n part of 3, then

- D On,m—n . [pve,1 . [D],.
A — U Om_nyn Om_n)m_n:| men - U |: :| — U |:O:| Van,

Om—n,n

*
where V.

denotes the upper left n x n part of V*.

We are almost there, except the fact that V¥, is not necessarily F-unitrary.
But we can always rearrange V', if necessary, to achieve this. For this, let’s study the

term DV *

nxn:

Since o; = 0 for ¢ > r, we have

ol ]
/%
o
DVyyn = 0 .T % )
Ur—i-l
[ 0- vy ]
where v means the first n coordinates of v € F™. We may replace v11,...,v, € F™

freely such that vi,...,v, form an orthogonal basis of F" x {0,,_,} (recall (5.8.6))

without changing DV’ ., thus we may assume V), itself is F-unitary, and we are

done. O
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5.9 Quadratic Forms

5.9.1 Definitions and Examples

Definition 5.9.1. Quadratic forms are homogeneous quadratic polynomials in n variables.

In general quadratic form in n variables takes the following form: for = (z1,22,...,2,)7,
Q) =YY miayz;, (5.9.2)
i=1 j=1
for some a;; € R, 4,5 = 1,2,...,n. If we define A = [a;;]nxn, a careful verification shows
that
Q(z) = 2T Az.

Note that a;;’s can always be arranged such that A is symmetric, thus every quadratic form
gives us a symmetric form
B(z,y) = 2" Ay,

where x,y € R™. Note that when A is positive-definite, then B becomes an inner product.

We have a nice criterion to determine positive definiteness in [ITheorem 5.7.2

In application we need to get used to the way to arrange those coeflicients into a
symmetric matrix.

Example 5.9.3. Wr try to identify the conics represented by
2x? — 4xy +5y? = 1. (5.9.4)

We expect it is an ellipse. In view of (5.9.2)), we see that the ith variable on the left
corresponds to the ith row of our desired matrix:

2xx — 2x
2 2 _ y
2x° —4xy + by* = “2yx + Byy
Note the coefficient of xy is divided by half so that the coefficients of xy and yx are equal,
thus we get
2 2 2 2] |x T
2x° —4xy + 5y =[x Y] N N Au, (5.9.5)

=A
where u = (x,y)7. Now we will diagonalize A in order to get rid of all the cross terms.

Step 1 (Find all eigenvalues and eigenvectors). By direct computation, pa(t) =
(t — 6)(t — 1), hence A is diagonalizable as there are enough eigenvectors.

When t = 6, the system (A — 6/)v = 0 gives v = v;(1,—2)". When t = 1, the
system (A —I)v =0 gives v = v»(2,1)".

Step 2 (Orthogonalize eigenvectors to get an orthogonal matrix). Luckly
(1,—2)7 and (2,1)7 are already orthogonal. We divide them by their lengths to get or-

thonormal set, then
1 1 2
=% 1

is orthogonal, i.e., PTP = I. We quickly see why we prefer orthogonality.
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Step 3 (Simplify the quadratic form). Continuing from ((5.9.5)):

2x%> —4xy + 5y =uT Au=u" (P {g (1]] P_l) u=(P"u)T [8 ﬂ PTu.

Let PT(x,y)" = (x',y')7, then (5.9.4) becomes

2 2
X/ /
(5) (%)
V6
So l) is an ellipse with major semi-axis of length 1 and minor semi-axis of length 1/1/6.

The reason we require P be orthogonal is: our strategy is to “rotate” the coordinate axis in
order to identify what the (5.9.4) represents, orthogonal matrices are indeed rotations!

5.9.2 Application of Quadratic Forms to Multivariable Second Derivative
Test

Suppose f is defined near a € R™ such that f has second order derivatives near at a. When
f is nice enough, we expect the following approximation

T@) = f@)+ 3 2L (@)@ - a) + & (af <>)<wi—ai><mj—aj>

— a
— Qx; 2! & Oz, 0z
1=1 2,]

is a second order approximation of f at a, i.e., we should have

o @) = (@)

e=a |z — al?

=0.

To express the quadratic approximation neatly let’s define Hessian matrix of f at a by

T T T
ox? 0x1 Oz 0x1 Oy,
0% f 0% f 0% f
Hy(a) = O0xo 011 Oxs 0xo 0xy, (a)
0°f ofr %
| 0z 01 Oxyp O ox2

Therefore the quadratic approximation can be neatly written as
1
T(z) = f(a) + Vf(a) - (x = a) + 5 (@ = a)" Hy(a)(x — a).

When a is a critical point, the quadratic approximation becomes
1
T(2) = f(a) + o — @) Hy(@)(z o),
hence the study of maximality and minimality of f(a) is the same as the study of positive
definiteness of the quadratic form
ha(w) = (2 — @) Hy(a) (x — a).

Whom we have very good answer when H(a) is a symmetric matrix. Therefore to apply
the knowledge of linear algebra that we have developed we need to provide good sufficient
conditions to make sure:
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0% f 0% f
[ ] a,) =
3xi8xj axjﬁxl

(a) for all 4,5 =1,2,...,n;

o T'(z):= f(a)+Vf(a)-(c—a) —|—%(x—a)THf (a)(z—a) is a second order approximation.

For this, let’s recall those standard results from multivariable calculus without proof.
For simplicity let’s denote
0% f

Theorem 5.9.6. Suppose f(x,y) has first order partial derivatives near (xg,yo). If f. and
fy are differentiable at (x¢, yo), then

fzy(l"(h yo) = fym(ffo» yo)~

To get second order approximation we further require those first order partial deriva-
tives be continuous.

Theorem 5.9.7. Suppose f(x1,x2,...,%,) has continuous first order partial derivatives near
a. If f;,’s are differentiable at a, then the quadratic approximation is a second order
approximation in the sense that

f() = fla)+Vf(a) (x—a)+ %(w —a)"Hy(a)(z — a)
-

lim 5 =0.
z—a |z —all
We summarize our discussion as a theorem.
Theorem 5.9.8. Suppose f(x1,x2,...,%,) has continuous first order partial derivatives near

a and f,,’s are differentiable at a. Then Hy(a) is symmetric and if V f(a) =0,
(i) Hf(a) is positive definite = f(a) is a local minimum.

(ii) Hy(a) is negative definite = f(a) is a local maximum.

Remark. In application to apply the minimal requirement that f,,’s are
differentiable at a is usually replaced by a stronger condition that all second order partial
derivatives are continuous at a.

5.10 Exercises

Inner Products

Problem 5.1. Show that (A, B) := Tr(BT A) defines an inner product on M,,x,(R)
(recall [Problem 1.4]).

Problem 5.2. Use Cauchy-Schwarz inequality to prove that for all aq, ..., an,b1,...,b, €

R n 2 n 2 n b2 2
() =(3504) (X 5)
k=1 k=1

k=1

)
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Problem 5.3. Use Cauchy-Schwarz inequality to prove that all roots of P(z) = 2™ +
p_12""1 + -+ a1z + ag lie in the open disk

{zeC: 2] < V1+]an1?+ -+ |a1]> + |ao]?}.

Problem 5.4. Let V be finite dimensional inner product space, prove that

(u,v) =0 <= |lul]| < |lu+av||, forall a €R.

Problem 5.5. Let A € M, «,,(R) be symmetric such that
A® —3A%* +54-3I=0.
Prove that A is positive definite. You may need to know [Theorem 5.6.19

Problem 5.6. Let (-,-) be another inner product on R™ (with (-,-) denoting the dot
product).

(i) Show that there is an invertible matrix S € M,,«,(R) such that
(u,v) = (Su, Sv), for all u,v € R™.
This characterizes all possible inner products on R”.
(ii) From this, also prove that whenever A is positive definite, there is an invertible P
such that A = PTP.
Problem 5.7. Let A, B € M, «,»(R) be positive definite, show that Tr(AB) > 0.
Hint. What properties of positive definite matrices do we have? See
Problem 5.8 (HKUST UG Math Competition Junior Level).
Let H be an inner product space. Let n be a positive integer less than the dimension

of H. If V and F are n and n — 1 dimensional subspaces of H respectively, prove that
there exists a nonzero v € V orthogonal to every z € E.

Remark. The vector space H is possibly infinite dimensional.

Orthogonal Complement and Orthogonal Projection

Problem 5.9. Let V be an inner product space and W its subspace, show that
wc (Wt

Explain why (W)Lt = W when W is finite dimensional. Don’t try to make the as-
sumption that dimV < oco.

Problem 5.10. Let A € M,,,(R) be such that A2 = A. Prove that the following are
equivalent:

(i) A is an orthogonal projection (i.e., Nul A L Col A).

(ii) A is symmetric (i.e., AT = A).
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Problem 5.11. Let A € M,,«,(R), prove that A is injective <= AT is surjective.

Problem 5.12. Let U be a finite dimensional subspace of an inner product space V,
show that
dim U+ = dim V — dim U.

Problem 5.13. Let {vy,v2,...,v,} be any set of vector in R™. Show that for any € > 0,

there is a basis (u1,usg, ..., u,) of R™ such that
loi —uill <e, i=1,2,...,n.
Problem 5.14. Show the Bessel’s Inequality: let {vi,vo,...,v,} be an orthonormal

set in an inner product space V', show that for every v € V,

n

D o) < o).

i=1
Problem 5.15. Find a polynomial ¢ € Po(R) such that
1 1
/ p(x) cos(nzx) de = / p(x)q(x) dx

0 0
for every p € Ps.
Problem 5.16. Find py € P5(R) that makes
/ (sinz — p(x))? dx

—Tr

as small as possible. Don’t do it by hands, use any software which can perform symbolic
computation.

Answer:
693 72765 654885\ . (39375 315 363825\ ,
. (87T6_87T8 8o )x “4xS 4x6 4p8 >x
po(w) = 105 16065 155925
<87r2_87r4 876 )

Remark. Interestingly, among degree 5 polynomials pg gives a very good approximation
of sinz on [—m,n]. Below is the graph of sinx, po(z) and z — 23/3! + 2°/5!.

(x from -4 to 4)

(9]

— 0.00564312 x°-0.155271 x> +0.987862 x

x® x*
_—— = X
120 6

Knowledge in linear algebra provides us a much better approximation than calculus!
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Problem 5.17 (Alternative Proof of Spectral Theorem). In this problem we prove Spec-
tral Theorem using an important theorem in multivariable calculus:

Theorem (Lagrange Multiplier). Let f,c1,ca,...,¢n : R — R be contin-
uously differentiable function (i.e., all partial derivatives are continuous). If

the local extreme of f(x1,...,x,) occurs at xg € R™ subject to the con-
straints
ez, xn) =0, ca(x1,...,2n) =0, -+, cm(x1,...,2,) =0,

then there are A\1,..., A\, € R such that

Vf(ﬂfo) = )\lvcl (.130) + -+ A7rLVC7rL(xO)-

Now we prove Spectral Theorem in the following step: Let A be a real n X n symmetric
matrix.

Step 1. Let 1,c : R® — R be defined by ¥(x) = 27 Az and c(x) = 272 — 1
respectively. Show that for every z € R™,

Vip(z) =22TA and Ve(z) = 227

Step 2. Tt is known that subject to the condition ¢(x) = 0, the local extreme
f(z) occurs for those z, say at zo (s.t. afxg = 1). By using Lagrange Multiplier
Theorem, show that x( is an eigenvector of A.

Step 3. We will finish the proof by induction. Suppose that we already have
orthonormal eigenvectors vy, ...,vr € R™ of A. Show that the solution to the following
constrained extreme problem (it is known that this exists)

Y(z) =max, 272-1=0, zv;=0, zTv,=0, - ,2Tv, =0
is also an eigenvector of A.

Step 4. Complete the proof by induction.
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